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1 | INTRODUCTION

Omnivory, as defined in Pimm and Lawton,! occurs when a population feeds on resources at more than one trophic
level. An example of this is the so-called intraguild predation (IGP). IGP is the killing and eating of prey species by a
predator that also can utilize the resources of those prey.? There has been numerous biological evidence showing that
IGP is a widespread interaction within natural communities.>* Since the pioneering work of Polis et al,>> a great deal
of research have been devoted to the study of IGP models, and lots of interesting dynamical phenomena, such as limit
cycles, bistability, bifurcation, and chaos, have been uncovered.>*%7

One of the mathematical model describing IGP was developed by Holt and Polis.® Their model takes the following form:

du _ be _
dt—u( dv m),

cv+eu
®
d =v< be +du—n).
dt cv+eu

Here, u(t) and u(¢) stand for the density of prey and predator, respectively. ¢, e are the parameters denoting the consump-
tion of the predator and the prey species for the common resources. The ratio E measures the relative abilities of the two
species to compete for the common resources. d is the predation rate. m, n are the natural death rates of the prey and
the predator, respectively. b is scaling parameter. In the dynamics of real populations, the reproduction of predator after
consuming the prey is not instantaneous, but is mediated by some reaction-time lags required for gestation. It has been
shown that such time delays can destabilize an otherwise stable steady state and induce oscillations in predator-prey
model.>!? On the contrary, similar delays do not cause sustained oscillations in competition models with monotone
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response functions.!? It is worth noting that IGP models involve both predator-prey interactions and competition. Con-
sequently, it is of great interest to investigate the dynamics of the system (1) when delay is presented. In nature, species
are spatially heterogeneous, and individuals will tend to migrate towards regions of lower population density to increase
the possibility of survival,'* and hence species are distributed over space and interact with each other within their spatial
domain. For this reason, we consider the following model in a bounded domain Q ¢ RN with no-flux boundary condition:

ou _ be

E—dlAu—u<CV+eu—dv—m>, (x,t) e Q% (0, ),

%—dzAv=v<aﬁfeu +du(x,t—r)—n), (1) € Q% (0, ), @)
3—3:3—::0, (x,t)E@QX(O, 00),

u,0) =uy(x) >0, v(x,0) =vy(x) >0, xeﬁx[—r,O],

where Q c RY is a bounded domain with smooth boundary dQ and v is the outward unit normal on 0Q. The no-flux
boundary condition indicates that there is zero population flux across the boundary. = > 0 represents the gestation time
of the predator. System (2) has a positive constant steady state if and only if

E>mandﬂ>L>m, (3)
c e d en—-cm d
in which case, it is uniquely given by
ot _be . _m. _ be
d en—cm’ d en—-cm’

Fang and Wang® proved that the positive constant steady state (u*, v*) of system (2) is globally asymptotically stable when
7 = 0, which implies that there is no spatiotemporal patterns for system (2) with r = 0. In the past decades, spatiotempo-
ral dynamic patterns, especially in biology, mathematical ecology, and chemistry, have been investigated widely by many
authors.!>%7 Currently, the spatiotemporal patterns of population distribution have been a hot topic because species abun-
dance changes not only in time but also in space. Our first objective is to show that delay can induce spatially homogeneous
and inhomogeneous periodic oscillatory patterns resulting from Hopf bifurcation.

The groundbreaking discoveries of Turing?® suggested that diffusion in a mixture of chemically reacting species could
cause instability of a spatially uniform state, leading to the formation of spatial patterns. Later, spontaneous formation was
observed in the 1990s in controlled laboratory experiments.?>** Now, Turing mechanism has been extensively accepted
and studied in diverse disciplines. However, system (2) with = = 0 has no Turing pattern, ie, self diffusion does not trigger
the Turing pattern. This mainly motivated us to consider the anomalous diffusion in system (2) with = = 0. Anomalous
diffusion can be understood by considering a random walk with Lévy flights.3! The important consequence of having
a Lévy distribution of step lengths that is asymmetric in general is that the corresponding diffusion equation contains
fractional derivatives, instead of the Laplacian operator.3? In the context of population dynamics, anomalous diffusion
(rather than classical diffusion) has been employed as a more appropriate way to describe the motion of animals under
certain circumstances.3*3° Taking into account the movement of the species with Lévy flight type and the dispersal of the
species, it is known that the movement of the species is influenced by its interacting species, which is usually referred to
as cross diffusion. We consider the following cross-fractional diffusion system:

a—“=d1V7u—d12V7v+u< be —dv—m),

ot cvteu

o =d21V7u—d2V7v+v< be +du—n>.

ot cvteu

“4)

Here, d; and d, are the self-fractional diffusive coefficients. dy; and d,; are the cross-fractional diffusive coefficients.
V7(1 < y < 2)is a fractional power Laplacian, and
+oo
vy = @y /2) & / v 4.
ArQ2-y)dx? J_ |x—ylrt
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1<y <2and0 < y < 1 correspond to a Lévy super-diffusion and sub-diffusion, respectively. We consider an espe-
cially interesting case of super-diffusion, Lévy flights. In the context of population dynamics, super-diffusion (rather
than classical diffusion) has been employed as a more appropriate way to describe the motion of animals under certain
circumstances.>*

Our second goal is to study the effect of cross-fractional diffusion on system (4). We will show that self fraction diffusion
(d12 = dy1 = 0) still cannot create Turing pattern. But when cross-fractional diffusion coefficients dj, and d,; fall into
some region, Turing pattern can occur (see Theorem 5).

The rest of the paper is organized as follows. In Section 2, we give conditions on the stability of the positive constant
steady state (u*, v*) and the existence of Hopf bifurcation for system (2). In Section 3, by applying the normal form theory
and center manifold reduction of partial fractional differential equations (PFDEs),* an explicit algorithm for determining
the direction and stability of Hopf bifurcation is given. In Section 4, we perform the cross-fractional diffusion-driven insta-
bility of the positive constant steady state (u*, v*) in system (4). Finally, some numerical simulations and computations
are included to support our theoretical results in Section 5, and a brief conclusion is given in Section 6.

2 | STABILITY AND HOPF BIFURCATION

In this section, we consider stability and Hopf bifurcation of system (2) by regarding = as the bifurcation parameter.
In the remainder of this paper, without of loss of generality, we choose the domain Q = (0,Iz) (I > 0) as the spatial
domain for simplicity of notations in computing the normal forms and for convenience of carrying out demonstrating
numerical results. From the properties of the Laplacian operator defined on the bounded domain, the operator on X has
the eigenvalues _1—12{2 with the relative eigenfunctions

b

0
ﬁli= <C0;l >’ ﬂi: <COSk_X>’ kENO :={0’1’2’ }9
1

where

x=luvewrg MDD _VED oo 1l
ox o0x

Let = u — u*,v = v —v* and drop the tildes for the sake of simplicity. System (2) can be rewritten as

Ju _ % be *

Wy Au = (u+u )<m—d(v+v)—m), (x, 1) € QX (0, o),

v _ s bc *

2 dyAv= (v )(m+d(u(x,t—r)+u )—n), (1) € QX (0, ), 5)
j—j:%:o, (x,t) € 0Q X (0, ),

U (x, 0) = up () — u*, V(x,0) = vo (x) = v*, (x,) € QX [~7,0].
The positive constant steady state (u*,v*) in system (2) is transformed into (0, 0) steady state of (5). Let

be
cv+v¥)+e(u+u*)

bc
c(v+v*)+e(u+u*)

f(l)(u,v):(u+u*)< —d(v+v*)—m>,

f(z)(u,v,w)z(v+v*)< +d(w+u*)—n>.

Define f;l) (i+j>=1)and fi(jzp) @i+ j+p=>1)asfollows:

I 0,00 o _ 0H*Pf2(0,0,0)

= =
i owovi 7 Tup ou/ ovi owp
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In particular,

be?u* bee
S =P SN R R Y
(eu* + cv¥) (eu* + cv¥)
24k
@ _ bcev* @ _ bc?v @ g
B =~ e <O P I <O B = >0

By Taylor expansion, Equation (5) becomes

P 1 ).

B _diAu=au+a+ Y —Puivi,

ot - BRTIEAY
i+j>2

S — dyAv = ru+ fov+ Pru(x,t — 1) (6)
+ X u,-lmfi(fﬁ”j OV 0P (%t — ).
i+j+p>2

Denote uy (£) = u (-, t), Uy (t) = v(-,t) and U = (uy,u,)". Then, (6) can be rewritten as an abstract differential equation in

the phase space C = C([-7,0],X),
% = DAU(t) + L(Uy) + F(Uy), (7

where D = diag {dy, d>}, A = diag {9?/0x?,0%/ox*} L : C > X and F : C — X are given, respectively, by

B a191(0) + az0,(0)
L(p) = < B191(0) + f202(0) + P31 (—7) )

and
Y =10 0950
F(p) = iz
= L@ .

. §>2 Wfifp @ (0)@}(0)@5 (—7)

i+j+p2
for g = (1, 92)" € C.

It is easy to show that the characteristic equation of the linearization of (7) is equivalent to the sequence of the

transcendental equations

2+ A+ B+ Ce ™ =0, k e Ny, (8)
where
k 2
A = (di +dy) <7> —a1— >0,
2 2
k k
By = <d1<7> - 061> <d2<7> - ﬂz) —axp,
C=—-ap; >0.
Set
Ak (A, 1) = A2 + AgA + B + Ce™. 9)

A = 01is not the root of (8), and Bogdanov-Takens singularity does not occur.
Let A = iw (@ > 0) be a purely imaginary root of (8) for k € Ny. Then, we have

—w* 4+ Aywi + By + C(cos wr — isinwr) = 0.
Separating the real and imaginary parts in the above equation, we have

2 _p
{ w* — By = Ccoswr, (10)

Arw — Csinwr = 0.

From (10), we have
o'+ (A{ —2By) 0® +B; - C* =0, (11)
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where

4 2
k k
Ai—23k= (d%+d§) <—> —2(dion +dzp2) <7> +af+ﬂ§+2a2ﬂ1 >0,

l
2
> +du*v*] .

B - C*=(Bx+C)(By - C)
2
> + a1 fr + ax(fz — /31)] .

—~ &

o\
= ld1d2<7> — (d1p2 + drry) <
o\
ld1d2<7> = (d1p2 + dyrary) <

Clearly, B, + C > 0. Set z = w?, and (11) is transformed into

—~| &

Z+ (A —2B)z+ B —C*=0. (12)

4 2
If dqd, ( %) — (di1ps + dray) (’f) + a1, + ax(fs — B1) < 0, then (12) has only one positive root, which is denoted by z.
Hence, (11) has only one positive root wy = \/z_k It follows from (10) that (8) with k € Ny has a pair of purely imaginary
roots +iw, when v = r]i, j=0,1,2, ... ,where

1

Wy = £ . , (13)

— (A2 -2By) + \/(Ai ~2B)" —4 (B - C?)

wz—Bk

+2j7r] ,j=0,1,2, ... . (14)
Wi

1
T, = — |arccos

4 2
Lemma 1. Assume that (3) and dldz(%‘> —(d1pr + dyary) <'7‘) + a1 + ax(fs — 1) < 0 hold; then,

dAy (4.7))

di #0.

A=iwy,

Therefore, A = iwy is a simple root of (8) for k € N.

Proof. 1t follows from (9) that
dAg (ﬂ, Tli)

= dwyi + Ay — 7/ Cem i,
dﬂ. k k k

A=iwy,

Differentiating both sides of A, (4, 7) = 0 with respect to z yields

dA (1)

[24 + Ay — zCe™7| = ACe ™.
dr
T/
If da(ig) =0, then
di )
A=iwy
i Ce % = 0.
Since w; > 0 and C > 0, we have
i Ce % # 0,
which leads to a contradiction. Hence,
dAy (4, 7))
—a | 7Y

A=iw;, O
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4 2
Lemma 2. Assume that (3) and dldz(%‘> —(d142 + dra1) <’7‘> +a1f+ax(fzs— p1) <O0hold. Let A(7) = 6 (1) +iw (1)

be the root of Equation (8) satisfying o (1) = 0, @ (7)) = wy. Then, A (z) satisfies the following transversality condition:
sign{Re<ﬁ>} > 0.
dT =7
k

Proof. Differentiating both sides of Equation (32) with respect to 7, we obtain

di ‘1_2e_“+Ake“_z
dr T C Cr i

From (10), we can easily obtain

-1
. dA
R —_
szgnl e(dT> ] B

2e’t Ake’“ T
_Tj

c TTar 7

lZCOS (wkr,i) Ag sin (a)krli)]
+ .

= signRe [

= sign
& Ccok

It is easy to show from (10) and the expression of wy that

= sign o2

S e )

T=T/

Then, we can verify the conclusion. O
Notice that Equation (8) with k = 0 is the characteristic equation of the linearization of (2) without diffusion at the
positive constant steady state. By Rouché theorem, we have the following result.3%37

Theorem 1. Assume that (3) holds. The following statements hold:

() Ift € [0, 7)), then all roots of Equation (8) with k = 0 have negative real parts;
(it) Ift > 7)), then Equation (8) with k = 0 has at least one root with positive real part;
(iti) Ift = 1), then Equation (8) with k = 0 has a pair of simple purely imaginary roots +iwo, and all roots of (8) with
k = 0, except +iw,, have negative real parts.

Furthermore, we can acquire the following results:
Theorem 2. Assume that (3) holds. Then equation (8) with T = Té (j =0,1,2, ... ) has a pair of simple purely imagi-
nary roots +iwg, and all roots of (8) for any k € Ny, except +iwo, have no zero real parts. Moreover, for t = rg, all roots of
(8) for any k € Ny, except +iwo, have negative real parts.

Theorem 3. Assume that (3) holds. The following statements hold:

(i) Ift € [0,10), then the positive constant steady state (u*,v*) is asymptotically stable;
(i) Ift > rg, then the positive constant steady state (u*,v*) is unstable;
(iii) System (2) undergoes spatially homogeneous Hopf bifurcations near the positive constant steady state (u*, v*) when

R
7—70(1—0,1,2, e )
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rg < 1 < 1 < < ‘[(j)- IT TABLE 1 The sequence of rli for0 <k <Kyandje N,
A A A A
0 1 2 J
5 < T < 2 < < 51 <
A A A A
A A A A
0 1 2 J
T < T, < T < < T <
A A A A
A A A A
0 1 2 J
R, < T < T < < 1 <
Denote

| i+ do /(@i + da) — ddida (@i + (B — 1)
2d1d, ’

K-1, KeN,
Ko = [12],12¢N.

From Equation (14), we have Tli < Ti“ for fixed k € [0, Kp] and any j € Njy. Sorting Tli for fixed j, we have the following

result.

Lemma 3. Let T]i be defined as Equation (14). Assume that (3) and d%

0Sk$Ko—1,j€No,Ti<Tli+l.

- dlﬂzl# > 2 (app1 — a1 f>) hold. Then, for any

Proof. From (13), we have

(42-2B,) 4y A2-2B,
(c>-B )2 C?-B; C*-B;

By simple calculation, we can obtain that

d(A;-2B) _4(di+d)) , d(dio+dofy),

dk B 4 2 ’
d(C’-By) didok?  (difr + doa) K2
— k :_2[ 1142 _ (d1fn 122 1) +a1ﬂ2—a2ﬁ1]

4d1d2k3 2 (dlﬂz + dzal) k
B 2 '

Obviously, Ai — 2By is strictly increasing in k for 1 < k < Ky, and A —2B; > A? —2B,. % - dlﬂz:r# > 2 (aaf1 — a1 o)

guarantees that C? — BIZC is strictly decreasing in k for 1 < k < K, and C* — B} < C? — B2. Then, we obtain that wy

2
@

L o . . . . S -B, . .
is strictly decreasing in k for 0 < k < K. Since B is strictly increasing in k for 0 < k < K, then Tk is strictly

2
a)k—Bk

decreasing in k for 0 < k < Kj. So, arccos is strictly increasing in k for 0 < k < K. Then, r]i is strictly increasing
ink for 0 < k < K. O

Therefore, we have the following arrangement of r,i for 0 <k <Ky and j € Ny (see Table 1).
Denote

Y= {T; : r,i;érél, 0<k<k<Ky j<jorl<k<k<Ko j>ji, j. jleNo}.
From the above analysis, we have the following conclusion.

4 2
Theorem 4. Assume that (3) and dldz(%{) - (dlﬂz + dzal) (%) + o fr+ax(fs—pP1) <O and dll—fz - % >

2 (a1 — a1 2) hold. The following statements are true:
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(i) The positive constant steady state (u*,v*) is asymptotically stable for = € [0, rg), and unstable when t > rg.

(ii) System (2) undergoes inhomogeneous Hopf bifurcations near the positive constant steady state (u*,v*) when © € X,
ie, a family of spatially inhomogeneous periodic solutions bifurcating from (u*,v*) when t crosses through the critical
values t € X.

3 | PROPERTIES OF HOPF BIFURCATIONS

In this section, we consider the direction, stability, and the period of bifurcating periodic solution by using the normal
form theory and center manifold reduction for PFDEs developed by Wu.!* Without loss of generality, denote any one of
the critical values {rj , J € No} U X by z* at which (8) has simple pure imaginary roots +iwy U +iwy, denoted by +iw.
Normalizing the delay = by the time-scaling t — ¢/, system (6) can be transformed into

u _ LMy

=7 ldlAu+ au+av+ Z l,!j!fij wvy
i+j>2

(15)

P — |y Av+ fru+ v+ fut—D+ Y ——fPuw v () uP (t-1)| .

ot i jousy 1017 P

Set u = v — r*; then, u = 0 is a Hopf bifurcation value of system (2). Then, (15) can be rewritten in the fixed-phase space
C=C(-1,0],X)as

%U(t) = *DAU(t) + L(z*)(U;) + F(Uy, ), (16)
where
_ a191(0) + a2¢2(0)
L@ =u ( B161(0) + fop2(0) + frpr (1) > ’
F(p, u) = uDA@(0) + L(w)p + f (@, 1),
with
z 5 @ 0@ 0)
, — * i+j> ) ) 17
flo,u) =" +p) Y ﬁfiﬁ(p;(o)(pé(O)(p‘f(—l) (17)

i+j+p>2

According to the Riesz representation theorem, there exists a 2 X 2 matrix function (0, 7*) (-1 < 6 < 0), whose elements
are of bounded variation such that

2 0
—T*D(%{> ¢ (0) + L(z*)(¢) =/ d [n(8.7%)] p() for ¢ € C([-1,0],R?).
-1

We then define )
X 2
a7 —d1<7> ar
T* X 2 1 0= 0,
’1(0’1*)=< ﬂl ﬂz_d2<7>
O, 9 € (_190)5
«( 00 -
-7 <ﬁ3 O) , 0=-1.

For ¢ € C([-1,0],R?), v € C([0, 1], R?), define A and A* as

40 0 € [-1,0),
A = 0
@) { f_1 d[n,79)]¢6), 6 =0,

Awen={ 7 €O1
S5 dn(@, ™)y (=0), v =0.
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Then, A* is the formal adjoint of A under the bilinear pairing

0
.9 =790+ [ T+ < 5 8) BE)dz.
1

WILEY——2¥

(18)

It can be verified that p(9) = €“7(1,&)", 6 € [-1,0] is an eigenvector of A corresponding to iwz*, and p* (y) =

r(1,n)e*"7 y €[0,1],is an eigenvector of A* corresponding to —iwz*, where

% %

iw—a1+d1(7> —iw—a1+d1<7)
¢= , N= —
a p1 + Pseier

F=[14(E+ 7 e ™) ﬁ]_l

s

Then, P = span {p(0),p (0)} and P* = span {p* (y),p* (v)} are the center subspace.

Denote fi := (B}, 7). Let ¢ - fi be defined by ¢ - fi = c18} + o} for ¢ = (c1,c)" € C([-1,0],X). Let (-,-) be the

complex-valued L? inner product on Hilbert space X, defined as

Iz Iz
1 - 1 —
<U1, U2> = E/ ulvldx+ E / u2V2dx
0 0
for Uy = (ur,u2)", Uy = n1,2)" € Xc. And (B3, f3) = 1, (B}, Bt) = 3.k €N,

(@ Sy = ({6.81).(¢.82))", where ¢ € C([~1,01,X).

Then, the center subspace of linear Equation (16) is given by PcyC, where

PCNC((p) = (D(‘P7 <(p7fk>)'fks @ E C’

19

(20)

(21

and C = PcyC @ Q; here, Q denotes the complementary subspace of PcyC. Following the algorithms in Hassard et al,8

the solutions of (16) at 4 = 0 are given by
U=(p®z®)+pOZ®) - fi+w(z(t),2(1).6),

where

=2

2
w(z.Z) :=w(z(1),2(0),6) =w20(9)%+w11(9)z2+w02(9)%+ .

From,* z satisfies
Z = iwt"z+ g(z,2),

where

2=

- = .z - Z 2’z
8z,2) = p* (0)(f (U:,0), fk) =80 +g11zz+g025 +gz17+ e

(22)

(23)

(24)

(25)
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Notice that fol” cos? dx 0, = /o cos3k7xdx = g k € N and combining (17) to (24), we obtain the following equations:

0, k=1,2, ... ,Ky,

@ 1) 2 @ = r@ (2) g2
g20=<” { +f02§ +2f11‘):+’7[200+f020§

w2 e+ e + e )|} e=o

goz=gE,
(0, k=1,2, ... ,Ky,

S L VR DGE + 2 Ree)+ 7|1+ £ A + 24 el

+f1(§)1 (eiwr* + g~io7" ) + féﬂ (éeiwr* + Ee—iwr*)] } , k=0,

re* " @ M 2 ) 2 kx
g1 = { / |73 (21,0 +why(0) + 7} (26w%,(0) + Ewdy(0) )| cos® Tdx
0
I
+ / [ @ <2w11(0)+w20(0)+§w20(0)+2§wu(0))] cosle“dx
0
Iz
|18+ IR+ 1Y (8 + 2068 + 1) <2§+E)]/ cos* X x
0

+1 l / [f o0 (2w11(0) + W3 (0)) + fi (2EW§1(0) + Ewﬁo(()))

+ 12 <2w§1(0) + w2, (0) + 2wl (0) + 2§w}1(0)>

+ £2 (2e77 w2 (0) + 7 Wl (0) + why(—1) + 2wl (-1))

—iwt* iot* = kx
+ fon (26777 Wi (0) + €7 Wl(0) + Ewge(—1) + 2§W{1(—1)>] cos27dx
+ |1+ B A (& 20 4 75 (B4 22)

210

féi)l <§Zeiw‘r* + 2§E€_iw‘r*> f2((2))1 ( ior* + Ze—iw‘r*)
A - lx kx
+ £ (66 + 2Re(§)e—lm*)] / cos'Fdx| 5. k=0.12 ... .Ko.
0
Since wyo(#) and w1 () are included in g,;, we still need to compute them. By Wu,*w(z, 7) satisfies

W =Aw + H(z,2),

(26)
where
z? z
Aw = AWZQ(Q)E +AW11(9)ZZ +AW02(9)E +
z2 z
H(z,2) = Hyy=— + H1122 + Hpp =
(z,2) 207 + H1122 + Hp, > + @7
= Xof (U, 0) — (Y, (Xo.f (Us, 0), fir)) - fi>
with

Xy(6) = { Yoo

s

According to (23), (24), (26), and (27), we have

Wy = (2160’1'* —A)_leo, Wi = —A_IHH. (28)
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From (27), we know that for 8 € [-1,0),

2

— (PO +POF) cos ez + ... .

H(z,2) = — (p(0)g20 + P(0)8y; ) cos — kcz l

12

Therefore, for § € [-1,0),

0, ke N,
Hao(6) = { ~820p(0) — 8P (0). k=0,

0, keN,
Aulf) = { ~gup(0) — §,B(0). k=0,

and

H(Z’ Z)(O) = f(Ut’ 0) - (I)(lP7 (f(Ut’ 0)’ fk> : fk)

Hence, for 8 = 0, we have

kx
!

>

w F I EF2UNEF L+ I
0 (ffié: e fge ) > S
k=1,2,... ,Ky,
8+ 108+ 2Nk 5+ 18
2 (7 e + fineeer) )

L _g20p(0) gozp(o), k=0.

Hj(0) = 1

b
1

>

Sao' * J3 6+ 2/ Re) + gy + SonbE+2f1Re@
i (€ ) A e B )
k=12, ... ,Ky,
Ny O + 271 Re®) + 350 + 3048 + 2/ 130Re(®)
(e (e + o) )
[ —811p(0) — &1,p(0), k = 0.
By the definition of A and p() = p(0)e!®*"? # € [—1, 0], we can obtain

H;1(0) = 1

3wt*

w1 (0) = (P(H)gu p(O)gn) + Ex.

(G)gzo P(H)goz 2iwt*0
wy(8) =i [p + ] Sete Ey,
(29)

Using the definition of A and combining (28) and (29), we obtain

g (S0 P IR E AN L+ I\ ok
E, = Cos

2 2) — 2 —iwT* 7
22 (s + e + e ) )

b ( O+ fOEE+ 21 Re(@) + fio + [ 2E + 2f 1) Re(&) ) ok

+f1((2))1 ( for* e—iwr') + f(gﬂ <§ela}‘r + fe—lan' ) 1’
where
2 _1
- 2iw+d1<%) -m —ay
E = . P\2
—p — e HT 2iw + dz(;) 7
2 -1
k
~ dy <7) — a1 —Qz
E, =

b5 () -5

So far, g;; can be expressed by the parameter of system (3).
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Thus, the properties of bifurcating periodic solutions at the critical value z* are determined by the sign of u,, o7, T»,
where

2
i g
c(t%) = ﬁ <gugzo - 2|gnl* - %) + g—;,

_ Re(c,(e)
127 TRy

oy = 2Re (c1(7%)),
_ Im(c, (v4))+u,Im(A' (r¥))

T2 =
According to the results in Hassard et al,3® the properties of the Hopf bifurcation can be determined by uy: if u, > 0
(12 < 0), then the Hopf bifurcation is supercritical (subcritical) and the bifurcating periodic solutions exists for ¢ > z*
(r < 1¥); 0, determines the stability of the bifurcating periodic solutions: the bifurcating periodic solutions on the center
manifold are stable (unstable) if 6; < 0 (o, > 0); the period increase (decrease) if T, > 0 (T, < 0).

wt*

4 | CROSS-FRACTIONAL DIFFUSION-INDUCED TURING INSTABILITY

In this section, we study the cross-fractional diffusion—driven instability of the positive constant steady state (u*,v*) in
system (4). It is obvious that (u*, v*) is also the unique positive constant steady state of (4) if (3) holds. Fang and Wang?®
proved that the positive constant steady state (u*,v*) of system (2) with ¢ = 0 is globally asymptotically stable, which
implies self diffusion of system (2) with = = 0 does not trigger the Turing instability. However, we will show that the
instability induced by the cross-fractional diffusion is possible.

The linearized system of (4) at (u*,v*) is
00

=, =DV'®+K(@). (30)
where
_[uxp _( di diz
q)(x’t)_<V(X,f)>’D_(d21 d, |’
be*u* * bce
K= <‘11 a2> =| Tawrey ¢ [(eu*+gvf)2 + d]

,31 ﬁz dv — bcev* _ __betvr _

(eu*+cv*) (eu*+cv*)

For system (30), we pursue the general solution

<$>=<Z;>exp(/lt+ik-x) (31)

to the linearization of (4) as a superposition of normal modes. Here, A is the growth rate of the perturbation in time ¢, i is
the imaginary unit, and k is its wave vector. Substituting (31) into (30), we get the following matrix equation:

A+ dlky —Nal dlzky -y U1 _ 0
duk’ —f; A+ dokr —p J\ 2 ) T\ 0 )
where the Euclidean norm k = |k| is the wavenumber of the perturbation. Therefore, we obtain the following dispersion
relation:

2%+ T(k)A+ D(k) = 0, (32)

where
Tk) = (d1 +d) K" — (a1 + f2),

D(k) = (d1d; — d1pdpn) K7 + <d12ﬁ~1 + dyay —difr - dzal) k' + anfa — axfir.
Now, we will verify the instability of (u*, v*) caused by cross-fractional diffusion.

Theorem 5. Suppose that (3), di; + dy1 # 0, and did; > dy,dy; hold. Then, there exists an unbounded domain A in
di, — dy plan defined by

A= {(dlz, dy1) € R|dpaf1 + dyay < di s + daay — 2\/(0(1ﬂ2 - azﬁi) (didy - d12d21)} , (33)
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such that (u*,v*) is unstable for the system (4) if (d12,d21) € A.

Proof. The eigenvalues A(k) of (32) are given by

2o = ZT00 £ VT —4DE
_ - .

Note that T(0) = —(a; + f>) > 0, hence T(k) > 0 for all k > 0. To achieve the instability of (u*, v*), it is necessary to
ensure D(k) < 0 for some k > 0 since D(0) = a1 5, — a2ﬁ~1 > 0. Note that in the absence of cross-fractional diffusion
(ie, d12 = dy = 0), one has D(k) > 0, which implies that self fraction diffusion still cannot create Turing instability.
D(k) arrives at its minimum denoted by rl?>1(1)1 D(k) when

dipr + dyoy — d12ﬂ~1 —dua ’
k = kpin = > 0,
( 2(d1dy — d12dn) )

and
~ 2
difr + dyoy — dinfh — d21a2)
2(d1dy = di2d21)
did, > di2d;; implies that (ds,, dyp) falls into the region between the two components of the hyperbola d;d, = di,d»;

in dy, — dy; plan (see Figure 1, left).
Summarizing the above analysis, we get the instability domain of (u*,v*) in d;, — d; plan as follows:

minD(k) = a1, — a2ﬂ~1 -
k>0

A= {(dlz, dy) € R?|d1fy + dnay < difz + daoy — 2\/ (@18 — a2y ) (s - d12d21)} :
O

Remark 1. In terms of the disperse relation (32), we illustrate in Figure 1 (right) the real part of the eigenvalue cor-
responding to three different sets of parameters as a function of the wavenumber; one can see that the wavenumber
range of Turing instability increases with the decreases of order of fractional diffusion, which implies that the smaller
order of fractional diffusion is, the more easily Turing instability is able to occur. In particular, ify = 2, then (4) reduces
to a cross diffusion system, and our result in Theorem 5 is still holds.

Turing instability of (1.4)

6 . 02
——ddy=did,
—Fldiy 90 045
01}
0.05}
2
T
14
0 +
1 /[ \
1 ,‘ A\
—0.05—" 7
1/ ! ===
01 ;! — 15
\I‘ ‘‘‘‘‘ Y=2
0 ‘ ‘ ‘ ‘ , o 2 . ‘ .
0 1 2 3 4 5 6 0 0.5 1 15 2

wavenumber k

FIGURE1 (Left): The parameters of (4) are b = 1.5,¢=0.1,d = 0.25,e = 0.2, m = 0.1, n = 0.7, d; = d, = 1. T is the Turing instability

domain, where F(dlz, d21) = —(dlzﬁl + d216(2) + dlﬂZ + d2a1 - 2\/((x1ﬁ2 - azﬁi)(dldz - d12d21). (nght) Let d12 =04, d21 =2, the diSperSiOn
relation of system (4) for three different y = 1, 1.5, 2 [Colour figure can be viewed at wileyonlinelibrary.com]
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v(x.t)

xaxs 00 t-axis xeaxis t-axis

FIGURE 2 Numerical simulations of system (2) with the parameters given in Example 1, 7 = 5.3, and initial values u(x, t) = 1.5sinx,
v(x, t) = sinx, (x, t) € [0, 2x] x [—5.3, 0]. The positive constant steady state (1.6462,0.7538) is asymptotically stable [Colour figure can be
viewed at wileyonlinelibrary.com]

-axs 0 0 taxis x-axis Laxis

FIGURE 3 Numerical simulations of system (2) with the parameters given in Example 1, 7 = 6.2, and initial values u(x, t) = 1.5sinx,
v(x, t) = sinx, (x,t) € [0,27] X [—6.2, 0]. The positive constant steady state (1.6462,0.7538) is unstable, and the bifurcating periodic solutions
from (1.6462,0.7538) are stable [Colour figure can be viewed at wileyonlinelibrary.com]
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FIGURE 4 Numerical simulations of system (2) with the parameters given in Example 1 at mesh point x;oy = 7 plotted against t,, = nAt
with = 5.2 [Colour figure can be viewed at wileyonlinelibrary.com]
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Solution 40  2x40 3x40 4x40 5x40 6x40 7x40 TABLE 2 Numerical solution Uy, when n = 40k
un, 1.8630 14736 1.6990 1.6799  1.5856  1.6884  1.6362 k=12 ...25
Solution 8x40 9x40 10x40 11x40 12x40 13x40 14x40
UR,  1.6344 16627 1.6362 1.6475 1.6500 1.6419  1.6485
Solution 15x40 16x40 17Xx40 18x40 19x40 20Xx40 21x40
UR,  1.6462 16451 1.6473 1.6457 1.6461 16462 1.6462
Solution 22x40 23x40 24Xx40 25x40

un, 1.6462  1.6462 1.6462  1.6462
Solution 40  2x40 3x40 4x40 5x40 6x40 7x40 TABLE 3  The numerical solution Vy,, when
yn 0.8591 0.6680 0.8023 0.7514 0.7307 0.7772  0.7429 n =40k(k =1,2, ... ,25)

100
Solution 8x40 9x40 10x40 11x40 12x40 13x40 14x40

Vivo 0.7525 0.7606  0.7479  0.7561  0.7546  0.7519  0.7553
Solution 15%40 16x40 17x40 18x40 19Xx40 20x40 21x40

Vio 0.7533  0.7535 0.7543 0.7534 0.7539  0.7539  0.7537
Solution 22x40 23x40 24x40 25x40

Ve 0.7538  0.7538  0.7538  0.7538
Solution 1190 1200 1210 1220 1230 1240 1250 TABLE 4 The numerical solution Uy, when n = 10k
un 31981 23766 1.4642 0.8358 04900 0.3445 0.4154 (k =119,120, ... ,160)

100
Solution 1260 1270 1280 1290 1300 1310 1320

Ul 1.0158 2.3823 3.3014 3.3676 2.7561 1.8043 1.0488
Solution 1330 1340 1350 1360 1370 1380 1390
Ul 0.5999 0.3812 0.3997 0.6743 1.7962 3.0525 3.4258
Solution 1400 1410 1420 1430 1440 1450 1460
Ul 3.0778 2.1843 1.3140 0.7417 0.4464 0.3362 0.4729
Solution 1470 1480 1490 1500 1510 1520 1530
Ulo 1.2399 2.6398 3.3728 3.3010 2.5757 1.6320 0.9379
Solution 1540 1550 1560 1570 1580 1590 1600
U 0.5414 0.3590 0.3728 0.8193 2.0863 3.1938 3.4122

5 | NUMERICAL SIMULATIONS

In this section, we present some numerical simulations and computations that complement the theoretical analysis in
Section 3.

Example 1. In system (2),setd; = 04,d, = 1,1 =2,b =15,c =0.1,d = 0.25,e = 0.2, m = 0.1, n = 0.7. By
computation, we have (u*,v*) ~ (1.6462,0.7538). Equation (13) has two positive roots wy ~ 0.1584, w; ~ 0.1023, and

@ x 57754 < 0 ~ 19.9272. d1d2<%>4 — (i + o) (%)2 +afy + ax(fs — fi) ~ —0.0633 and 4k — At _
2 (a1 — a1 f2) = 0.0143. When the conditions of Theorem 4 are satisfied, then (1.6462, 0.7538) is asymptotically stable
when 0 < 7 < 7) ~ 5.7754 and unstable when z > 7 ~ 5.7754, and when 7 crosses increasingly through z) ~ 5.7754
and 7 ~ 19.9272, a spatially homogeneous and inhomogeneous periodic solutions bifurcate from (1.6462,0.7538),
respectively. In addition, we can compute cl(rg ~ 5.7754) ~ —0.5467 — 1.6623 and cl(rf ~ 19.9272) ~ 0.1087 — 0.8438.
From the discussions in Section 4, we know that the spatially homogeneous periodic solutions are stable on the center
manifold and the inhomogeneous periodic solutions are unstable; see Figures 2 and 3.

We further perform some numerical computations. Let Ax = —— and At = 0.05 be the mesh size of x-direction and
t-direction, respectively. The numerical solution is then denoted by Ujn ~ u(xj, ty) and VJn ~ (X, tn); here, xj = jAx,
th = nAt, j=0,1,...,200,n = 1,2,3, ... . Let ¢ = 5.3, and we choose a special mesh point of x-direction x;op =
100Ax = r. By using implicit difference scheme, numerical simulations at x;o0 = # and numerical solutions U7,
and Vivo when n = 40k (k = 1,2, ... ,25) are given in Figure 4 and Tables 2 and 3, respectively, which illustrate the
asymptotic stability of (1.6462,0.7538) located in x;00 = 7. When 7 = 6.2 > 1) ~ 5.7754, numerical simulations at
X100 = # and numerical solutions U, and V}; ) with n = 10k (k = 119,120, ... ,160) are presented in Figure 5 and
Tables 4 and 5, which show that system (2) bifurcates a periodic solution near (1.6462,0.7538) located in x99 = 7.
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FIGURE 5 Numerical simulations of system (2) with the parameters given in Example 1 at mesh point x;49 = 7 plotted against ¢, = nAt
with 7 = 6.2 [Colour figure can be viewed at wileyonlinelibrary.com]

TABLE 5 The numerical solution Vi, when n = 10k Solution 1190 1200 1210 1220 1230 1240 1250

(k =119,120, ..., 160) VR 20075 15863 09167 04672 02459 0.1555 0.1390

Solution 1260 1270 1280 1290 1300 1310 1320

Vivo 0.2078 0.4905 1.2004 1.9343 1.8336 1.1702 0.6149

Solution 1330 1340 1350 1360 1370 1380 1390

Vito 0.3134 0.1808 0.1376 0.1651 0.3355 0.8629 1.7060

Solution 1400 1410 1420 1430 1440 1450 1460

Vivo 1.9867 1.4501 0.8063 0.4081 0.2200 0.1468 0.1436

Solution 1470 1480 1490 1500 1510 1520 1530

Vito 0.2390 0.5923 1.3749 1.9925 1.7216 1.0418 0.5373

Solution 1540 1550 1560 1570 1580 1590 1600

Vito 0.2772 0.1667 0.1366 0.1823 0.4019 1.0206 1.8344

6 | CONCLUSION

In this paper, we have studied spatiotemporal dynamic patterns of a reaction-diffusion predator-prey model with IGP.
We revealed the effects of time delay and cross-fractional diffusion on our model. By taking time delay as the bifurca-
tion parameter and analyzing the characteristic equation of the linearized system of the model at the positive constant
steady state, the asymptotic stability of positive constant steady state is investigated and the existence of Hopf bifurcation
occurring at the positive constant steady state is demonstrated. The results showed that the positive constant steady state
is asymptotically stable when discrete delay is less than a certain critical value and unstable when the discrete delay is
greater than this critical value, and the model can exhibit a Hopf bifurcation at the positive constant steady state when
the discrete delay crosses through the above critical value. In addition, by using the normal form theory and the center
manifold argument to PFDEs, the explicit formulae determining the properties of Hopf bifurcation such as the direction
of Hopf bifurcation, the stability, and period of the bifurcated periodic solutions are given. When proper cross-fractional
diffusion terms are introduced in the model, the Turing pattern emerged when cross-fractional diffusion coefficient d;,
and d,; falls into some domain. Numerical simulations showed that the smaller order of fractional diffusion is, the more
easily Turing pattern is able to occur. It will be interesting to consider the existence of stationary solution (ie, nonconstant
positive steady state) of system (4), and we will further focus on this problem in forthcoming research.
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