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Spreading fronts in a partially degenerate integro-differential reaction—diffusion system
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Abstract. This paper is concerned with the spreading and vanishing of an epidemic disease, which is described by a partially
degenerate reaction—diffusion system with the nonlocal term and double free boundaries. We first consider the sign of the
corresponding principal eigenvalue, which is determined by some given conditions. Then, we get the sufficient conditions
that ensure the disease spreading or vanishing. At last, when spreading occurs, some rough estimates of the asymptotic
spreading speed are given under some conditions.
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1. Introduction

The spreading phenomenon of the epidemic is one of the important subjects in mathematical epidemiology.
To model the spatial spreading of a class of bacteria or viral diseases, Capasso and Maddalena [7] proposed
the following reaction—diffusion model

uy = dAu — au + cv, (t,z) € (0,400) x £,
vy = —bv + G(u), (t,x) € (0,400) x Q, (11)
% tau=0, 9 +av=0, (t,z) € (0,400) x 09, '

u(0,2) = up(z), v(0,z) = vo(x), x €,

where u(t, z) and v(t,z) represent the spatial densities of the infectious agents and the infective human
population at time ¢ and location x, respectively. The positive constant d stands for the diffusion rate of the
agents. Particularly, for malaria, the mosquito is the main spreading agents. For this case, the diffusion
coeflicient for the infectious agents will be much larger than that for the infective human population.
Therefore, the diffusion coefficient of the infective human population can be set to zero. The coefficients
a, b and c are all positive constants, and é accounts for the mean lifetime of the infectious agents in
the environment, % measures the mean infectious period of the infective human population, and c is the
multiplicative factor of the infectious agents due to the human population. G(u) denotes the force of
infection on human population due to a concentration u of the infectious agents.

For problem (1.1), Capasso and Maddalena [7] introduced a threshold parameter 6 such that the
epidemic eventually tends to extinction if 0 < 8 < 1 or persistence if § > 1, where 6 does not depend
on the initial densities of the infectious agents and the infective human population. From the point of
epidemic waves, the existence of Fisher type monotone traveling waves and minimal wave speed of problem
(1.1) were obtained [40]. Wu [36] considered the existence of entire solutions of (1.1) in the bistable case.

To let the description of such a gradual spreading process be more close to the reality, the free
boundary condition has been considered in more and more ecological models recently. For example, the
readers can refer to [8-10,19,29,30,43] for single-species models. More works related to the system can

) Birkhauser


http://crossmark.crossref.org/dialog/?doi=10.1007/s00033-017-0858-9&domain=pdf
http://orcid.org/0000-0002-1653-3691

109 Page 2 of 28 W.-T. Li, M. Zhao and J. Wang ZAMP

be found, such as [11,14,15,25,27,32,35,42] for Lotka—Volterra competition systems, [28,31,34,39] for
predator—prey systems, [18,21] for cooperative systems and [5,20] for epidemic models.

Recently, Ahn et al. [1] introduced the free boundary to describe the expanding fronts of an infective
environment in problem (1.1), in which sufficient conditions for the bacteria to vanish or spread are
given. Their main results reveal that if the multiplicative factor of the infectious agents is small, the
epidemic will vanish eventually and the human population is safe. Otherwise, the spreading or vanishing
of the epidemic depends on the initial infected habitat, the diffusion rate and the initial density. For
this kind of partially degenerate reaction—diffusion systems, besides [1], Tarboush et al. [22] considered
the spreading and vanishing in a West Nile virus model with expanding fronts, and Wang et al. [26]
studied the spreading frontiers in the model which the reaction terms are described by more general
form. Recently, Tian et al. [23] proposed a partially degenerate reaction—diffusion—advection model with
free boundary to investigate the invasive process of Aedes aegypti mosquitoes.

However, some infectious agents u at a point x and time ¢ usually depend not only on the infective
humans v at the point =, but also on v in a neighborhood of x, and even on v in the whole region €. To
describe the mechanism of the infectious agents due to the infective human population better, Capasso [6]
used fQ K(z,y)v(t,y)dy instead of cv to model the growth rate of the agents. The reason why this is a
global term is that the infective human population are moving, and then, the growth of the agents is
related to the infective human population in a neighborhood of the original position. Hence, the growth
of the agents can be represented as a spatial weighted average. For the above reasons, Capasso proposed
an epidemic reaction—diffusion model described by the following system

up = dAu — au+ [, K(z,y)v(t,y)dy, (t,z) € (0,400) x £,

v = —bv + G(u), (t,z) € (0,400) x €, (12)
B(x) 8% + a(z)u =0, B(z)2L + alz)v =0, (t,x) € (0,400) x 09,

w(0,2) = up(x), v(0,z) = vo(x), x €,

where the readers can refer to [4, Section 1.5.4] for what the functions 3(z) and «(x) mean. Capasso [6]
introduced

G (0) max, g [ K(z,y)o1(y)dy
(a4 dX*)b min, . ¢1()

0, =

and

G'.(0) min,cq [o, K(z,y)¢1(y)dy
(a+ dX\*)b max, g ¢1(x)

2 = )

where ¢1 € H'() is the eigenfunction associated with the first eigenvalue A\* of —A in Q with the
condition ﬁ(w)% + a(z)pr = 0 on 9N. The author proved that if §; < 1, then the trivial solution
is globally asymptotically stable in X, = {(u,v) € X|(u,v) > 0}, where X is an ordered Banach
space with pointwise partial order. While for 8 > 1, the system admits a unique nontrivial equilibrium
which is globally asymptotically stable in X \{(0,0)}. For problem (1.2), Xu and Zhao [37] obtained the
asymptotic speed of spread for solutions and minimal wave speed of monotone traveling waves.

Motivated by the work of Ahn et al. [1], we will introduce the free boundary condition to describe such
a gradual spreading process of the epidemic described by problem (1.2). The main purpose of this paper
is to study the effect of the nonlocal term on the spreading of epidemic disease. Meanwhile, we want to
see whether the modified model can explain the reality better than problem (1.2). For these reasons, we
think it is worth studying.

We assume that the infectious agents and the infective population occupy a common region [—hg, ko]
with population density wug(x) and vg(z) at the very early stage. The varying infected environment
is denoted by [g(t), h(t)]. Since the spread of epidemic discussed here is mainly due to the growth of
infectious agents which results from the infective human population, it is reasonable to assume that the
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free boundary is caused only by the infectious agents. Just like the Stefan condition in [3], we can further
assume that the spreading front expands at a speed that is proportional to the gradient of the infectious
agents’ population density at the front, namely h'(t) = —pju. (¢, h(t)) and ¢'(t) = —pou,(t, g(t)). For
simplicity, we mainly focus on the case that pu; = ps = p. For the case that p; # po, we leave it for
further consideration. For a nonlinear diffusion equation with different moving parameters, the readers
can refer to [41].

In consideration of the above reasons, we shall use the following free boundary problem to describe
the spreading of the epidemic disease,

Uy = dug, — au+ [ K(z —y)v(t,y)dy, t>0, g(t) <z < h(t),

vy = —bv + G(u), t>0, g(t) <z < h(t),

u(t,x) = v(t,x) =0, t>0, z<g(t) or x> h(t), (13)
9(0) = —ho7 9'(t) = —puy(t,g(t)), t>0,

h(0) = ho, h'(t) = —pua(t, h(t)), t>0,

U(va) = Uo( ), v(0, ) = vo(), —ho <z < hy.

We are interested in the dynamics of positive solution (u(t,x),v(t,x),g(t), h(t)) of above problem. In
(1.3), = g(t) and & = h(t) are the moving boundaries to be determined with (¢, ) and v(¢,z). The
constants d, a, b, hy and p are positive. Define Iy = (—hg, ho),
= {uo(x) Io) o(x) >0 for z € Iy, up(z) =0 for z € R\Ip},
%(ho) = {v(z) € C(Io).vo(x) > 0 for z € Iy, vo(xz) =0 for z € R\Ip},

where p > 3. The initial function (ug(x),vo(z)) € Z1(ho) X Za(ho). Assume that K(z) satisfies
(K) K € C'(R) is nonnegative, symmetric and [, K(z —y)dy = 1 for any = € R.

and there exists M* such that G(u) satisfies the following two conditions:

(A1) G € C?([0,00)), G(0) =0, 0 < G'(2) < M*, Vz > 0;

(A2) @ is decreasing and

lim sup %

z—+00 z

< ab.

An example is G(z) = . Here we emphasis that conditions (A1) and (A2) make sure that problem

T
(1.3) has a positive constant equilibrium point. Otherwise, the solution may blow up. For this case, we

leave it for further consideration.

The rest of this paper is organized as follows. The global existence, uniqueness and estimates of solution
and comparison principle are given in Sect. 2. To establish the criteria for spreading and vanishing, in
Sect. 3 we provide some basic results about the principal eigenvalue. Section 4 is devoted to the long time
behavior of (u,v), and we get a spreading—vanishing dichotomy and give the criteria for spreading and
vanishing. In Sect. 5, we give the rough estimation of asymptotic spreading speed under some specific
situation. A brief discussion will be presented in Sect. 6.

2. Preliminaries

Before studying problem (1.3), we should obtain the global existence and uniqueness of solutions to
problem (1.3) at first. In fact, the proof is essentially the same as in [1]. Here, we give the main results
as follows:
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Theorem 2.1. For any given (up(z),vo(x)) € Z1(ho) X Za(ho) and any o € (0,1), there is a T > 0 such
that problem (1.3) admits a unique solution

(u,v,,h) € WH3(Dr) x C(Dr) x [C+5((0,T))]%;

moreover,

el s

20‘,1+a(DT) + HU”C(DT) + ||g||cl+%([0’T]) + ”h”ClJr%([O’T]) <C,

where
Dy = {(t,x) e R*: t €[0,T], z € [g(t), h(1)]},
C and T depend only on hg, «, Hu0||sz([,h0’ho]) and |[vol|lc((=ho,ho))-

Proof. Since v has no diffusion term, we can use u to represent v, define
Gr = {g€ CH(0,T)): g(0) = —ho, ¢/(1) <0, 0 <t < T},
A ={h € CH[0,T]): h(0)=ho, W' (t)>0, 0<t<T}
We introduce the mapping

then, for 0 <t <7T and z € R,
t
u(t,z) = efbt[Eo(vo)(x) —|—/ebSG(ES(u))(s,x)ds] = H(t,z,u).
0

Then, u satisfies

up = dttgy — au+ [ K(x—y)H(t,y,u(t, y))dy, 0<t<T, g(t)<x<h(t),

u(t,z) =0, 0<t<T, <g(t)orxz>h(t),

9(0) = —ho, ¢'(t) = —pus(t, g(t)), 0<t<T, (2.1)
h(0) = ho, B (t) = —puy(t, h(t)), 0<t<T,

u(0,2) = up(x), —hg < x < hy.

For the existence and uniqueness of the solution v in problem (2.1), we can prove it as those in [10]. We
first straighten the free boundary by the transformation:
2z h(t) +g(t)
h(t) —g(t)  h(t) —g(t)’
h(t) — g(t h(t t
u(t,z) = ult, ®) 5 9l )r—|— ( )—2|-g( )) =w(t,r).
Then, problem (2.1) can be transformed into

wy — A()wy, — B(t,r)w, = —aw + f(t,r,w), 0<t<T, -1<r<l,
w(t,r) =0, 0<t<T,r<—lorr>1, (2.2)
w(0,7) = uo(hor), —-1<r<,

and

h/(t) = _mer(ta 1)7 gl(t> = _MWU}T(L _1>7 0 S t S T,
h(0) = ho, g(0) = —ha,
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where
_ 4d » = h'(t) —9’(07, R'(t) + g'(t)
A= mm—gmr PO 00 —e) " R - o)
and
g(t)  h(t)+g(t)
t T, w / ( r—+ D) - y)
H (t, hit Y+ h(t) ;g(t),w (t, y)) dy.
Let g* = —fug(—ho) and h* = —#u;, (h0> For 0 < T < sy

Dy ={w e C(Ir): w(t,+1) =0, w(0,r) = ug(hor), |lw—uollcur) <1},

D7 ={geC"([0,T)): g(0) = —ho, ¢'(0) =g, llg' = g"lloo <1},
={h e C!([0,T]) : h(0) = ho, h'(0) =h", ||h' — h*[|lsc < 1}.
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denote I = [0,7] x [-1,1],

Clearly, Dr = DX x D2 x D3 is a bounded and closed convex set of C(Ir) x C*([0,T]) x C*([0,T]).

When g € D% and h € D3, we have

o _h
906 + hol < Tl loe < T(1+¢7) < =2,

h
|(t) = ho| < TW|lo < T(1+h7) < .

Since K € C*(R), vo(x) € Z32(ho) and G € C?([0,00)), we can compute that

1 /( a0, Mo )

Ity < [ /

-1 0

where
Coe o k(MO0 O e
(t,ry)EIT X [—1,1] 2 2
and
Co = h Cs = G(w)(s,y)-
2= ax volhoy), o= max G0

P
,w(t, y)) dy} dtdr

/e_bt (vo(hoy) —l—/ebsG(w)(s,y)ds) dy] dt
0

Applying standard LP theory and Sobolev imbedding theorem, we find, for any given (w,g,h) € Dr,

problem

Wy — A(t)Wyrr — B(t, r)W0, = —aw + f(t,r,w), 0<t<T, —-1<r<l,

w(t,r) =0, 0<t<T, r<—-lorr>1, (2.4)

w(0,7) = ug(hor), -1<r<1
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has a unique solution w(t,r) € W}2(Iy) — ClJrTa»l‘*‘Oé(]T)7 and
W]y 121, + ||7~E||CI+TQ,1+Q(IT) < Cy.

By the continuous dependence on the given data, w in O+ (IT) depends continuously on (w, g, h) €

Dr. For such w, problem (2.3) has a unique solution (g, h),
3(0) = —ho, h(0) = ho, §'(0) = ¢, H'(0) = h*

and
(glah/) € [C%([OaT])]zv ”.gl‘lc%([o’T]) + ”h/HC%([O,T}) < Cs. (25)
Now we define a mapping .# : Dr — [C*([0,T])]? by
F(w,g.h) = (@,3.h).
By (2.5), we have
~ _ 1+a l+a
1w = wollery < W —uoll j1ga o, T < CaT™=,

19" = g*lleorny < 19l o5 (o) T2 < C5TE,
10" = h*lleqo < R s o T? < CsTE,

—_2 _2
Therefore, if T' < min Cy ', Oy - }, then % maps D7 into itself.

hg
2(1+[g*[+h*)°
Next we prove that # is a contraction mapping on D for T > 0 sufficiently small. Let (w;, g;, h;) €

Dr(i =1,2), and denote (w;, g;, h;) = F (w;, gi, hi). Set w = W1 — we. We can see that w satisfies
wr — A1(t)wrr — B1(t, 1) wy = —aw + (A1 (t) — Aa(t))Wapr

+(Bi(t,r) — Ba(t,r))war + f1(t,r,w1) — fa(t,r, ws), 0<t<T, —-1<r<l, (2.6)
w(t,r) =0, 0<t<T, r<—-lorr>1,
w(0,7) =0, —1<r<1,
where
4d hi(t) — gi(t) — hi(t) + gi(t)
At) = —————, Bilt,r)=> R e g
D=t —aor P n0 60"t RO a0
and

) = [ 1 (0S80, 1200 )

" <t7 hi(t) ;gi(t)y L a0 ggi(t) : wi(ay)) dy.

The rest of proof can be done by those in [10]. By applying the LP estimates for parabolic equations
and Sobolev’s imbedding theorem, we can deduce that .# is a contraction mapping on Dt for T > 0
sufficiently small. Then, it follows from the contraction mapping theorem that .# has a unique fixed point
(w,g,h) in Dr; namely, (2.2) and (2.3) have a unique solution (w, g, h). Then, (2.1) has a unique solution
(u,g,h). v can be derived by (u, g, h). Hence, problem (1.3) exists a unique solution (u, v, g, h). O

To get the global existence and uniqueness, we need the following comparison principle to derive the
estimates of the solution to problem (1.3).
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Theorem 2.2. (Comparison principle) Assume that

g, h € CY([0,+)), u(t,z) € C(D)NCY3(D), w(t,z) e C(D)NCH°(D)

with
D:={(t,x) eR*: 0<t<oo, g(t) <z <h(t)},
and
Uy > dlige — ati + [ K(x—y)v(t, y)dy, t>0, g(t) <x < h(t),
vy > —bv + G(u), t>0, gt) <x < h(t),
u(t,z) =v(t,z) =0, t>0, z<g(t) orz > h(t), @7
R(0) > ho, B (t) > — i, (t, h(t)), t>0,
ﬂ(O,x) > U()(LC), @(O,x) > 'U()(.’E), —ho < x < hyg.
Then, the solution (u,v,g,h) of the free boundary problem (1.3) satisfies
h(t) < h(t), g(t) 2g(t) for t>0,
u(t,z) <u(t,z), v(t,z)<v(t,z) forallt>0 and g(t) <z <h(t).
Proof. The proof can be done by using the argument of [35, Lemma 2.3]. O

Remark 2.3. The pair (u

, h) in Theorem 2.2 is usually called an upper solution of (1.3). We can
define a lower solution (u,

v,9,
v, g, h) by reversing all of the inequalities in appropriate places.

For (wyi(x),wa(z)) € Z1(ho) x Z2(ho), let (ug,vo) = o(w1,ws). We write (u?,v7, g%, h7) to emphasize
the dependence of the solution on o. The following corollary results directly from Theorem 2.2.

Corollary 2.4. If o1 < 03, then u®* < w2 and v7 < v for allt >0 and g°* <z < h', g7t > ¢?2 and
hot < h°2 for all t > 0.

Now we exhibit the estimates of the solution.

Lemma 2.5. Let (u,v,g,h) be a solution to (1.3) defined for t € (0,Ty], where Ty € (0,400). Then, there
exist constants My, My and Ms independent of Ty such that:

0<u(t,x) <My forall0<t<Ty and g(t) <z <h(t),
0<w(t,z) <My forall0<t<Ty and g(t) <z <h(t),
0<—¢'(t), h'(t) <Mz forall0<t<Ty.

G(z)

Proof. The positivity of v and v is obvious. Next we consider its upper bounds. Note that lim, . >

ab by condition (A2), there exist M; and Mj such that

<

My > up(z), Ms >wvo(z) in [—ho,ho], —aMi+ Ms<0, —bMy+ G(M;)<O.
Denote D, = {(t,x) e R?: 0 <t < Ty, g(t) <z < h(t)}. Let
(U(t,z),V(t,z)) = (My —u, My —v)e”IFMt
for 0 <t <Tj and z € R, then

G(u) = G(M, — UMY = G(My) = /(U MY,
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where M* is given in condition (A1) and ¢ is between M; and u. Meanwhile, (U, V') satisfies:

Uy > AUz — (a+ 1+ M*U
+ [p K(z —y)V(t,y)dy, 0<t<Ty, g(t) <z < h(t),
Vi=—(b+1+ M)V +GEU, 0<t<Tp, g(t) <z < ht), 23
Ul(t,x) = Mye=(FM7)t 0<t<Ty, x<g(t)orx>h(t), '
V(t,z) = Mae= (1HM7)E, 0<t<Ty, x<g(t)orx>h(t),
u(0,2) >0, U(Ox)>0, —ho <z < ho.

Next we claim that min{U(¢,z),V(t,z)} > 0 in Dr,. Otherwise, there exists (tg,z0) € (0,7p] X
(g(t),h(t)) such that

min{U (to, xo), V(to,z0)} = min min{U(t,z),V(¢t,z)} <O.
(t,x)EDT,

If Ul(to, x0) = min{U (to, zo), V(to, z0)} < 0, then U(to, x0) — dUsx(to, x0) < 0. However,

— (a+ 14 M*U(to, z0) + /K(xo —y)V(to,y)dy

h(to)
@ 14 M)lto, ) + [ Ko =)V (o, 0)dy
g(to)
h(to)
(0 + M"Y (to, z0) + / K(zo — y)dy —1 | Ute, ) > 0,
(to)
which leads a contradiction to the first inequality in (2.8). The case of that V (¢, x¢) = min{U/(to, o),
V(to,z0)} < 0 can be done by the similar arguments of [1, Lemma 2.2]. Hence, min )ep, (U(t, ),
V(t,z)) > 0, namely u < M; and v < My in Dr,.
The rest of the proof is similar to that of [10, Lemma 2.2], and we omit it here. O

The following conclusion about global existence and uniqueness of the solution results from Theorem
2.1 and Lemma 2.5.

Theorem 2.6. The solution of (1.3) exists and is unique for all t > 0.

It follows from Lemma 2.5 that x = h(t) is strictly increasing and z = g(t) is strictly decreasing.
Hence, there exist hoo, —goo € (0,400] such that lims ;o h(t) = heo and lim— o g(t) = goo. The
next lemma shows that (¢eo,heo) can never be a half-infinite interval, and can be proved by the same
arguments as in [1, Lemma 3.1] (see also [12, Lemma 2.8]).

Lemma 2.7. Suppose that (u,v,g,h) is a solution to (1.3) defined for all t > 0 and g(t) < x < h(t).
Then,

—2hg < g(t) + h(t) < 2hg fort € [0, 400).

3. The principal eigenvalue

Now we study the principal eigenvalue of the following problem
uy = dttgy — au+ [ K(x —y)v(t, y)dy, t>0, —l<z<l,
vy = —bv + G(u), t>0, —l<zx<l, (3.1)
u(t,z) =v(t,z) =0, t>0, z<—-lorz>I
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Due to the nonlocal term, the method in [26] cannot be used directly. This needs us to make some
modification.
Linearizing (3.1) at zero solution, we obtain
up = dttgy — au+ [ K(x —y)o(t, y)dy, t>0, —l<x<l,
v = —bv+ G'(0)u, t>0, —l<z<l, (3.2)
u(t,z) = v(t,z) =0, t>0, z<—lorz>I
Define

let ¢, € TI(1). Substituting u(t, ) = e~ *¢(z) and v(t, z) = e~ *1)(x) into (3.2), we obtain the associated
eigenvalue problem

N =do" —ad+ [ K(x—y)ey)dy, —l<z<l,
X\ = by + G (0), <z <l, (3.3)
o(x) =(x) =0, x<—lorxz>1l

By a similar manner to [24, Lemma 3.4] (see also [38, Lemma 3.1]), we can prove the nonlocal elliptic
eigenvalue problem (3.3) has a principal eigenvalue denoted by Ay which is associated with a strongly
positive eigenvector (¢,) > 0. It is easy to see that ¢ = 01, where

b= Xo
- G(0)
We have Ay < b. In fact, if A\g > b, then ¢t = b XO ¢2 < 0, which is a contradiction.
For any ¢ € II(l), we substitute ¢y = ﬁgb into the first equation of (3.3) to get the following

eigenvalue problem

“Ap=d¢" —ap+ G [ Kz —p)oy)dy, —I<z<l, 5.4
p(z) =0, r<—lorz>I. '

Multiplying the first equation of (3.4) by ¢ and integrating over (—I,1) give

l

—)\/:¢2dx_d/:¢”~¢dx—a/:¢2 OA)//KI— y)dyo(z)dz

—1 —oo

then,

; . ! / I +oo
_A_/l¢2dx:—d_/l¢’2dx—a_/l¢2dx+ f(OA/léK (y)dyé(x)dx

Then, simple computations yield

AN +BA+C =0, (3.5)

l l l
A:/lgbzd:z:, B:—(a+b)/l¢2dm—d/lq$’2dx

where
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and
l

—ab/¢2dx+bd/¢’2dx G'(0 //K r —y)P(y)dyo(x)de

— —oo

Direct calculation yields

r ! 1 2 ! ! 1
—4AC > |—(a+Vb) [ ¢*dx —d ¢’2dx] —4 [ ¢*dx (ab ¢*dx + bd ¢’2dx)
A A R A (T
— I I 2
= [(a—0b) | ¢*dz +d ¢’2dx] > 0,
oo

—B+VB?—4AC
2A :

which implies (3.5) has two roots denoted by
Next, we will prove the following lemma.

Lemma 3.1. The lower bound of —B=¥YB-=4AC sz_‘l“‘c exists for any ¢ € 11(1).

/l 7 K(z — y)o(y)dys(x)dx
B N

Proof. Since

S7 /‘”K () + 2 ORI
— % / 7 K(z — y)dzd?(y)dy +% /OO /OOK (z — y)dye*(z)da

[ o,
-1

we have
l

l
C > (ab— G’(O))/¢2(x)dx + bd/¢'2(x)dx.
- -1
Here, we should emphasis that the equality holds if and only if K(z) = §(x). Define
l

l
5= /¢2(x)dx and ¢ z_/l¢'2(x)dx

1
It is well known that (¢) attains its minimum % at ¢(z) = cos (). Direct calculation yields

—VB? —4AC (a+0b)s+dt — /[(a+b)s + dt]2 — 4s[(ab — G'(0))s + bdt]
2A - 2s

Ca+b dt a+b d t\? , L, [t
= 9 +25—\/< 9 +28> —<ab—G(0)+de>—f1<s>
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Let

)

a+b+£l t
2 2 s
then

f1 (Z) =fi (fl (r— a“;’)) =7 — /12 = 2br + b2+ G'(0) = fo(r).

It is easy to check that

—b
sy =1- . > 0.
(r—"0)2+G'(0)
In view of
a+b dn?
> -
T TRE
then we have
a+b dn?
> _—t —= .
fz(T)_fz( 5+ 812)
Hence, the lower bound of =2=v.B2=44C V2A2_4AC exists. O

By Lemma 3.1, we can define the infimum of =B=vB2-44¢ W. Then, the principal eigenvalue Ag of (3.3)

has the following form:

—B—+VB?—4A
Ao = inf ¢ . (3.6)
HETI(1) 2A
Consider the elliptic eigenvalue problem
—d<I>”A— Jo K(x —y)¥(y)dy + a® =0, —l<z<l,
b = A\G'(0)®, —l<x <l (3.7
O(z) = T(x) =0, —l<zorx>lI.

By arguments similar to those in [17], it follows that (3.7) has a principal eigenvalue denoted by XO which
is associated with a strongly positive eigenvector (@, ¥) > 0. A\g has the following variational formula

b(af! @2z +d ' @2dz)

o~

7080 ) @) ) T K — )@
Define
o@n = L s J FOLST Kl - y)@)dyd(e)dr
Ao @eri() b(a flli>2dx+d J! ordz)

we have the following lemma.
Lemma 3.2. 1 — O(d,l) has the same sign as Ao.

Proof. When )y < 0, the proof can be done by modifying the argument of part (d) in [2, Lemma 2.3].
Here, we give the details below for completeness.
According to the definition of ©(d, 1), there exists a positive function ®(x) € II(I) such that

e G(EiO)l / Kz — )®(y)dy + ad(z) = 0 in (—1,1). (3.8)
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It follows from (3.4) and (3.8) that

+oo

d’ — ag + bG_(i)O / K(z — y)é(y)dy + Aod = 0, a € (~L,1), (3.9)
do" + bgl(g?)l) / K(z —y)®(y)dy —a®(z) =0, z € (—1,1). (3.10)

Recall that K(z) is symmetric and ® = ¢ = 0 in R\(—/,7). We multiply (3.9) by ® and (3.10) by ¢,
integrate over (—I,1) and subtract the resulting equations to obtain

o0

/;/K (2 = y))dyd(z)do (b@(ld,l) N b_lA()) Ao/:cb(r)@ x)dx

l

//Kx— (y)dyo(z)dz

—] —oo

Since

and fil ¢(x)®(x)dz are both positive, we conclude that m — ﬁ and Ao have the same sign. Then,
—0O(d,l) <0 when \g <0,1—0(d,l) =0 when \g = 0.
While for Ag > 0, it follows directly from (3.5) and (3.6) that C' > 0. Then, from the definition of

O(d, 1), we know 1 — O(d,l) > 0. O
Next, we consider the elliptic eigenvalue problem
—d¢" +a¢ — T [T K@ —y)oly)dy =r¢, <z <, (311)
¢(x) =0, x<—lorxz>l

We denote by vy the unique principal eigenvalue of (3.11). It is well known that vy has the following
variational formula

= 1 f
0= e

df' ¢%de+a [l ¢*de — SO [N [ K (@ - y)é(y)dye(z)da

{ fiz ¢*dx } .
Similarly to Lemma 3.2, we have the following lemma.

Lemma 3.3. 1 — O(d,l) has the same sign as Yo.

It follows from Lemmas 3.2 and 3.3 that Ay and 7y have the same sign, which implies that we can give
the sign of \g by the conditions which determine the sign of 9. Next, we show the properties of 7.

In the following, we show the monotonicity and sign of 4o with respect to [ and d. We write vo(l,d) =
(1) for any fixed d and varying [ for brevity. Similarly, we write vo(l,d) = ~o(d) for any fixed [ and
varying d.

For any fixed d, we denote

'(0) filfilK(x— ) cos (37y) dy cos (F;x) dw
b filcos2 (ax) dx

To study the sign of g, we need the limit behavior of P(l) as [ tends to co. Firstly, we give the following
condition:

(H) limy_.o P(I) exists and lim;_.o, P(I) < 0.

P(l)=a-
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Lemma 3.4. For any fized d, the following statements are valid:
(i) vo(l) is strictly decreasing in .
(11) lim;_q ’y()(l) > 0.
(iil) If a — % > 0, then yo(l) > 0 for all 1 > 0.
(iv) If the condition (H) holds, then the equation vo(l) = 0 has a unique positive root denoted by 1*(d).
Furthermore, if 0 <1 < 1*(d), then vo(l) > 0, and if I > 1*(d) then vo(l) < 0.

Proof. Part (i) can be done by the similar argument of part (a) in [43, Theorem 3.2].
For part (ii), since

a )l ¢0%de+a [l ¢?de = SO [L [ K@~ )ou)dyd(e)de _ dn A0

fil #2dx - 4l2 b

)

we have vo(l) > % +a-— %. Then, lim;_,¢ vo(l) > 0.

For part (iii), since

— inf df' ¢%de+a ' o*de— L [ % K(w - y)e(y)dye(s)da
°T e I, e
l /2 /
> inf dfl_l¢ dz o G'(0) - e y)o(y)dyo(x)dx
veni) | ! ¢2da b ¢en(z) f , $2dz
_dnt Q)

We have lim;_ o 0(l) > a — @ > 0. Combining this with part (i), we can derive part (iii).

For part (iv), let
cos (=), x e (—1,1),
x(z) = {O (52) (=4,1)

x € R\(—1,1);
since
)l ¢%de v )l 9o — SO [ [ K (x — y)(y)dyd(e)de
» | o g
d [l 9%de +a [l ¢?de — GO 1 [% K (@ —y)o(y)dyd(a)de
- f*l ¢*dz d=x
_ dr? ta— G'0) fizfizK(x — y) cos (gy) dy cos (o) du
A2 b f ,cos? (Fx) de ’

we have lim;_, 1 o Y0(1) < limy_, 1o P(1) < 0. Combining this with parts (i) and (ii), we get part (iv). O

Due to the unknown form of K (z), we cannot prove the existence of lim;_,, P(l) easily and calculate
it in detail for any K (x) satisfying condition (K). But we can give some specific kernel function K (x)
which makes lim;_., P(l) exist; please see the following remark.

Remark 3.5. Since
ol l

//K(ZE — y) cos (;le) dy cos (%x) dr < /cos2 (%x) dz,

-1 -1 —1
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F1G. 1. The effect of nonlocality on I*(d)

P(l)>a-— @. In particular, if K(z) = §(z) (6(z) is the Dirac delta function), then
_ GO
by
In this case, problem (1.3) reduces to the problem without nonlocal term studied by Ahn. et al. [1].

Pll)y=a

For some other specific kernel functions, lim;_,., P(I) can also exist and be equal to a — %. For
example,

(i) K(z) = ﬁl[_LL](x),

. G'(0) . 21 . 7L G'(0)
1 P = —_ 1 —_— —_— = — .
fim P) =a === lim o sinop =a——
(i) K(z)= e 7,
! 1 /
limP(l):a—G(O) lim 22:a—G(O).
|—o0 b l—oo 1 + 7‘—412 b

Comparing with the work by Ahn. et al. [1], we show the effect of nonlocality on I*(d).

lz]

Remark 3.6. For any fixed d, we take K(z) = 5-1_7 j(z) (or 2—1pe7 » ) and Ky(z) = §(z), for example,
and denote by ¢ (1) and 73(1) the principal eigenvalue of (3.11) with K (z) = K;(z) and K (z) = Ka(x),
respectively. For K (x) # §(x), since
I oo l

| | 56— nowassis < [ e

—1l —o0 —1
it follows from the expression of 7o that y¢(l) > ~2(l). Hence, I5(d) > 13(d), which means that the
nonlocality will increase I*(d). We use Fig. 1 to show it clearly.

For any fixed [, we have the following result.

Lemma 3.7. For any fixed [, the following statements are valid:
(i) vo(d) is strictly increasing in d.
(i) limg— oo Y0(d) > 0.
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(iii) If a — % > 0, then yo(d) > 0 for all d > 0.
(iv) If P(l) < 0, then the equation vo(d) = 0 has a unique positive root denoted by d*(1). Furthermore,
if 0 < d < d*(l), then vo(d) <0, and if d > d*(1), then vo(d) > 0.

Proof. The proof of part (i) is similar to the argument of [2, Lemma 2.2]. Parts (ii)—(iv) can be proved
by modifying the arguments of Lemma 3.4. We omit the proof here. g

Similarly to Remark 3.6, we have
Remark 3.8. The nonlocality will decrease d*(1).
The following corollary results directly from Lemmas 3.2, 3.3, 3.4 and 3.7.

Theorem 3.9. The following statements are valid:

(i) Ifa— 9 >0, then Ao > 0 for all l,d > 0.
(ii) If the condition (H) holds, then for any fized d, there exists 1*(d) > 0, such that \g > 0 for
0<i<I*(d), Ao =0 forl=1*(d), and A\g <0 forl > 1*(d).
(iii) If P(l) < 0 for any fized 1, then there exists d*(I) > 0, such that A\g < 0 for 0 < d < d*(I), A\g =0
for d=d*(l), and Ao > 0 for d > d*(1).

4. Spreading and vanishing dichotomy

Before giving the main results, we first give a definition of the spreading and vanishing of the epidemic:
(i) The epidemic spreads if

hoo — goo = 00 and limsup(|lu(t, )|l g).ne)) + 10E g .nen) > 0;

t—o0

(ii) The epidemic vanishes if
hoo = goo < 00 and lim ([lu(t, )o@ + 10 e e nwy) = 0-
Before giving the vanishing case, we first derive an estimate.

Lemma 4.1. Let (u,v, g, h) be the solution of (1.3). If hoo — goo < 00, then there exists a constant C > 0
such that

[t e gy <C, ViE>1 (4.1)
Moreover,
lim ¢'(t) = lim A'(t) = 0. (4.2)
t—oo t—oo

Proof. We can use the method in the proof of [30, Theorem 2.1] to get (4.1). Then, the proof of (4.2) can
be done by the method of [34, Theorem 4.1]. O

Next, we give the following result which can be proved by modifying the arguments of [34, Theorem 4.2]
(see also [33, Theorem 2.2]).

Lemma 4.2. Let d, i and ho be positive constants, w € C* 5™ Ha([0,00) x [g(t), h(t)]) and g, h € C' T2
([0,00)) for some o > 0. We further assume that wo(z) € Z1(ho). If (w, g, h) satisfies

wy > dwg, — aw, t>0, g(t) <z < h(t),

w(t,z) =0, t>0, x<g(t) orxz>h(t),

6(0) = —ho, () < —pwaltog(t)), >0, (43)
h0) = ho, () > —pwn(t (1), t >0,

w(0,z) = wo(x) >, 5_'50, —ho < x < hy,
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and
Jim g(t) = goo > —00, Jim g (t)=0,
Jim h(t) = hoo < 00, Jim h'(t) =0,

lw(t, et gy ney <M, YVix>1
for some constant M > 0. Then,

lim max w(t,x)=0.
t—00 g(t)<z<h(t)

Lemma 4.3. If hoo — goo < 00, then

i (fludt, o nw + o oo nwn) = 0-

Proof. First, we can use the method in the proof of [30, Theorem 2.1] to get

ol 1m0 oy 1900 8 0oy + MMl
Recall that u satisfies (4.3). Using Lemmas 4.1 and 4.2, we can get
Jm {lu(t, )llea nay = 0-
Note that v(¢, x) satisfies
ve=—-bv+Gu), t>0, g(t)<z<h(t)
and G(u) — 0 uniformly for € [g(t), h(t)] as t — oo; therefore, we have

i [lo(, leqg.pen = 0.

The following result is a sufficient condition such that vanishing occurs.

Theorem 4.4. If a — @ >0, then hoo — goo < 00.

Proof. Direct calculations yield

h(t)
d 1
G [ |ueo+ 5 [ K=oy a
g(t) R
h(t)
1
— [ |uttor+ 5 [ K@= puty| iz
g(t) R

FHG) [ulth(0) + / K(h(t) — y)o(t, y)dy
L R

~ @) [ult.g) + § [ K(o(t) = ot )y
L R

h(t)

— / ity — au + /K(ﬂc —y)v(t,y)dy

g(t) R

ZAMP
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+%/K(x— y)[bult,y) + Glult, y)dy b dz
+ R (t)= /K v(t,y)dy — ¢'( /K ,y)dy
= —g(h’(t) -4 (1) + 7) —au+ — /K z —y)G(u(t,y))dy | dz
"

g(t)
/K v(t,y)dy — ¢'( /K ,y)dy.

For the ODE system,

% = —au+v, t >0,
Y = —bv + G(u), t>0, (4.4)

u(0) = [luollLe<, v(0) = [lvoll=,

when G’(0) < ab, namely the corresponding basic reproduction number Ry < 1; then, the epidemic always
tends to extinction; namely, the solution (u(t),v(t)) of problem (4.4) tends to (0,0) as t — co. By the
comparison principle, we have u(t, z) < u(t) and v(t,z) <v(t). So we can choose € small enough and Tj

large enough such that ¢ < % and v(t,z) < € for t > Tj. Integrating from Ty to ¢ gives

h(t)

/ u(t,x) + % /K(x —y)(t,y)dy | dz
R

g(t)
h(To)

< / u(To, x) + % /K(x —y)u(Ty,y)dy | dz
9(To)
# (4= 5) mm) - gt - (4= 5) 60 - gt0)

+j h/(s) _au(s,w)+%/K(x—y)G(u(s,y))dy drds.
R

To g(s)

For all Ty < s < t, since Ga(bo < 1, fh( )K (x —y)dz < 1 by condition (K) and u(t,z) = 0 for
z € R\(g(t), h(t)),
h(s) h(s)

ab //Kx— u(s,y)dedy < /U(s,x)dx.

R g(s) g(s)

By Fubini theorem, we have

h(s)
’
a
9(s) R
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Since @ < G'(0) by the monotonicity of @, we have
h(s) )
/ —au(s, ) + 7 /K(x —y)G(u(s,y))dy | dz <0.
g(s) R
Hence, we have
h(To)
d ¢ 1
b (h(t) —g(?)) < u(To, =) + 3 K(z —y)v(To,y)dy | dx
9(To) R
+ (4 2) () - gm)y
[ b 0 g\lo));
then, we can get that hoo — goo < 00 by letting ¢ — 0 and t — oo. g

Theorem 4.5. Assume that the condition (H) holds. If hg > 1*(d), then hoo = —goo = 0 and spreading
occurs.

Proof. We first consider the case that hg > I*(d). Denote by Ay and (¢, ) the principal eigenvalue and
the corresponding eigenfunction of problem (3.3) with I = hg, respectively, where (¢,%) = (6, ) > 0
in (—hg, ho) and ||¢]|L~ = 1. It follows from Theorem 3.9 that Ag < 0.

Now, we construct a suitable lower solution of problem (1.3). Define

_ E¢($), t> 07 7h0 <z < h07
Q(tax) -
0, t>0, x < —hg or x> hy,

_ 61/}('%)7 t> Oa _hO <z < hOa
v(t,x) =
0, t>0, x < —hg or x> hy,

where positive constant € will be selected later.
Direct computations show that

u, — dug, +au— /K(z —y)u(t,y)dy
R

= —ded” 4+ aep — € / K(z —y)y(y)dy
R

=eNp < 0,
and
v +bv — G(u) = bey — G'(§u
= el + (G'(0) — G'(€))etp
= ey[Ao +0(G'(0) — G'(9))],

for all t > 0 and —hy < & < hg, where £(t,z) € (0,u). Noting that A\g < 0 and 0 < £(¢,2) < u(t,z) <,
we can choose € small enough such that

Ao +0(G'(0) = G'(€)) <0
and

ep(x) < ug(z), e(x) < vo(x) for V x € [—ho, ho).
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Hence,
u, < du,, —au+ fRK(x —y)u(t,y)dy, t>0, —hg <z < hy,
v, < —bv + G(u), t>0, —hg <z < hg,
u(t,z) =v(t,z) =0, t>0, < —hgor x> hy, (4.5)
—hf =0 > —pu,(t, —hg), t>0,
L =0 < —pu, (t, ho), L>0,
w(0,x) < up(z), v(0,2) < wvo(x), —hg < x < hg.

Thus, Remark 2.3 implies that u(t,z) > u(t, ) and v(t,z) > v(t,2) in [0,00) X [—hg, ho]. It follows that
tim inf([lu(t, )llcgw.non + v lledswnen)
> liminf ([[u(t, )l c((—ho.no)) + 10l e=no.ho)
2 e(lC)le-ronon + 1O lle-rono) > 0,

By Lemma 4.3, we know that hoo — goo = +00.
If ho = 1*(d), then for any time to, we have h(tg) > I*(d). Replacing the initial time 0 by the time ¢,
we can derive that h., — goo = +00 as above. ]

Theorem 4.6. Assume that the condition (H) holds. If ho < 1*(d) and

lwo (@)l ((ho,hol)s  [v0(@)]lC([~ho ko))
are sufficiently small, then hoo — goo < 00 and
i (fludt, o nw + o oo nwn) = 0-

Proof. We construct a suitable upper solution. Denote by Ao and (¢, ) the principal eigenvalue and the
corresponding eigenfunction of problem (3.3) with | = hg, respectively, where (¢,v) = (6¢,%) > 0 in
(—ho, ho) and ||¢||L~ = 1. Since hy < I*(d), it follows from Theorem 3.9 that Ag > 0.

We set

ce % (L’m) , t>0, —o(t) <z <olt),

u(t,x) = o(t)
0, t>0, 2 < —o(t) or z > o(t),
2
h, —dt zh
sty — 12 () e (2t5). 120 o) <a <o),
0, t>0, z<—0o(t) or z > o(t),

where positive constant € and J will be selected later. Applying [16, Lemma 2.35] to problem (3.4), one
can easily see that z¢/(z) < 0 for —hy < 2 < hg. By the direct computations, we have

Uy — AUz, + at — /K(:z: —y)o(t,y)dy
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> e 0 {—5¢ + <};°>2 {—aqﬁ +]R/K(x — Y)Y (%) dy + /\qu]
tag - (i‘f)z R/ K- (42) dy}
= ge % {—5¢ + (Z“)Q Ao+ |1— (?)2] a¢}

1 1
>ee gl 6+ Ao+ |1-— avy.
{ (10— g™ l <1+6—ge—6f>2H

For any —o(t) < x < o(t), since A\g > 0, we can always find some ¢; sufficiently small such that

1
———=X > §;
(14627077
then,
1
Up — dUgy + 0t — /K(x —y)o(t,y)dy > e %o {—5 + (1—|—6)2>\0} >0,
R
for all t > 0 and —o(t) < & < o(t).
Moreover,
/ 2 / 2
v+ bv — G(u) = % (t)ﬁ — 00U — ho se*‘”@//xh—oa +0b ho ce %ty — G(7)
o(t) o o? o
20'/@)7 _ hO ? —ot ! ! —_
> _ _ i _
250 v — v+ ( ) ce (Mo + G'(0)p) — G'(&)u
§2e0 , § s\
-5~ @ _ _ 1 _ ot /
v{ 1+6—ge—‘5t d+ o+ |G'(0) ( +9 5¢ ) G'(&)]6;,

for all t > 0 and —0o(t) < = < o(t), where £ € (0,u). Since T < ¢, we can choose ds and ¢ sufficiently
small such that

—87 =54+ 20+ [G/(0) — (146 C'(€)]| 020

and

. _52h0(1 +0)

= 2u¢/(ho)

Then,

v +bv — G(w) > 0.
On the other hand, we have that

52 h
’ _ 7—5t>_70/ =0t _
a'(t) = ho 5¢ " 2 /wo(t)qﬁ (ho)e Wi (t,o(t)),

and

52 _ h _ h -
—d'(t) = fhoge it < usﬁcb'(ho)e o — *‘U,é‘ﬁd)/(*ho)e ot

(t) (t)

= = /‘ﬂz(tv _U(t))'
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We take § = min{dy, d2}. For this 6 and above ¢, if uy and vy are small enough such that

2
T 1 €T
U _ <e and |jv _ <e ,
luollc((=no,no)) < ¢<1+g> lvolle((=ho,ho)) < <1+g> ¢<1+g>

uo(x) <@w(0,x), wo(x) <0(0,2) for =€ [—ho,ho

Thus, it follows from Theorem 2.2 that g(t) > —o(t) and h(t) < o(t) for all ¢ > 0. Then, heo — goo <
limy o0 20(t) = 2ho(1 + §) < 0. O

then

Theorem 4.7. Assume that the condition (H) holds. If hg < 1*(d) and
luo(@)llc(=hohol)>  1vo(@)llc((=ho,no))
are sufficiently large, then hso — goo = 00 and

liminf (Ju(t, )llcqge)nen + 10E eaw.nwn) > 0-

Proof. We first note that Theorem 3.9 implies that there exists T* > 0 such that Ao(d, vVT*) < 0.
Inspired by the argument of [12, Proposition 5.3] (see also [1, Theorem 4.2]), let v be the eigenvalue
of

the corresponding function ¢ > 0 and |||z (—1,1) = 1.
Now we construct a suitable lower solution to (1.3). Define

n(t) =vi+o, t>0,

ult, z) = 4 ToF? (ﬁ)’ t>0, —n(t) <z <n(?),
0, t>0, |z| >n(t),

{_dW’ - %W = 1, —l<z <l

’U(O l‘) - UO(x)a _\/E <z< \/Ev
7 0, lz| > /e,

ot z) = e / TG u(r,x))dr +v(0,2) |, t20, —n(t) <z < (),
0

where the constants o, m, k are chosen as follows:

. 2 X (T + 1)
0<o< mln{l,ho}, kE>vo+a(T*+1), m> W
Direct computations yield
h(t)
uy — dug, + au — / K(z —y)u(t,y)dy

9(t)

< m k T / d " t
m sgn(z .
< TGS {k<p+ 2( )<p’+d<p”—a(T —|—1)<p]
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< R +7Z)’““ de” + %@’ + 1o
=0,
and
v,+bv—Gu) =0 forall 0<t<T* and —n(t) <z <n(t).
Moreover,
WO + i (t0(t) = 5= + e S0 o 0<e<T
If

u(0.) = 5o (ja) < uo(z) in [~v/3, V@),

then we have

u, < du,, — au + f]R K(z —y)v(t,y)dy, 0<t<T* —nt) <z <n),

vy = —bv + G(u), 0<t<T™ —nt) <z <n(t),
u(t,z) = v(t,z) =0, 0<t<T* o< -—nt)or x>nt),
—n'(t) > —pu, (t, —n(t)), 0<t<T,

' (t) < —puy(t,1(t)), 0<t<T,

u(0,z) < up(x), v(0,2) = vo(x), —n(0) <z <n(0).

Noting that 7(0) = /o < hg, we can use Remark 2.3 to conclude that h(t) > n(t) and g(t) < —n(t) in
[0, T*]. Specially, we obtain

WT*) 2 0(T*) = /T* + 0> VT*
and ¢(T*) < —v/T*. Then,
(=0%,1%) € (=VT*,VT*) C (g(t), h(1))-
Hence, we have hoo — goo = +00 by Theorem 4.5. O
The following theorem is a direct result of Theorems 4.5, 4.6 and 4.7.

Theorem 4.8. Assume that the condition (H) holds. For some o > 0 and any given (wy(x),ws(x)) €
Zi(ho) x Z32(hg), let (u,v,g,h) be a solution to problem (1.3) with (ug(x),vo(x)) = o(w1,ws), then there
exists o* > 0 such that spreading occurs if o > o*, and vanishing occurs if 0 < o < o*. Moreover, * =0
if ho > 1*(d), and o* > 0 if hg < 1*(d) for some fized d.

Proof. For the reason why o* exists, the readers can refer to [19, Theorem 5.7]. Here we omit the details
for brevity. O

Similarly, we have the following result.

Theorem 4.9. Assume that P(hg) < 0. The conclusions except the last one in Theorem 4.8 still hold. For
o* in Theorem 4.8, 0* =0 if 0 < d < d*(ho), and o* > 0 if d > d*(ho).

When spreading happens, we have the following lemma:

Lemma 4.10. Assume that the condition (H) holds. If spreading occurs, then

lim sup(u(t, ), v(t, x)) < (u*,v")

t—oo
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uniformly for x € R, where (u*,v*) is the unique positive equilibrium of

dul) — _qu(t) + v(t), >0,
W = —bo(t) + Glu(1)), t>0, (4.6)

e

(0) = lluoll Lo (=ho,holy» v(0) = l[voll Lo (j—no,ho)-
Proof. We denote by (u(t),v(t)) the solution of (4.6). Applying the comparison principle gives
(u(t, z),v(t, x)) < (u(t),v(t))

fort > 0 and g(t) < « < h(t). Since P(l) > a— % for any [, the condition (H) implies that a— % <0,
namely the basic reproduction number Ry(= %) > 1 for problem (4.6). Hence, problem (4.6) has a
unique positive equilibrium denoted by (u*,v*) and limy,_, o (u(t), v(t)) = (v*,v*). Hence,

lim sup(u(t, ), v(t, x)) < (u*,v")

t—oo

uniformly for x € R. O

Combining Lemmas 4.3 and 4.10, we immediately have the following spreading—vanishing dichotomy
theorem.

Theorem 4.11. Let (u, v, g, h) be the solution of the free boundary problem (1.3). Assume that the condition
(H) holds. Then, the following alternative holds:

(i) Spreading: hoo — goo = 00 and

(0,0) < litminf(u(t,x),v(t,x)) < limsup(u(t, ), v(t, x)) < (u*,v¥)
—oo t—o0
uniformly for x € R;
(ii) Vamshmg: hoo — J < 0 and limtﬁoo(nu(t, ')”C([g(t),h(t)]) + ||U(t, ')HC([g(t),h(t)])) =0.

5. Spreading speed

When the spreading happens, we give some rough estimates of the asymptotic spreading speed in this
section. In particular, if a and b are small enough and the condition (H) holds, then the spreading will

happen for some suitable initial value ug, vg and hg. Similarly to the argument of [11,28], we can provide
an upper bound for limsup,_, @ and limsup,_, 79t(t), which shows that the asymptotic spreading

speed (if exists) for problem (1.3) cannot be faster than the minimal speed of traveling wave fronts of

{ut = duge —au+ [ K(z —y)o(t,y)dy, t>0, z€R, (5.1)

vy = —bv + G(u), t>0, zeR.
Xu and Zhao [37] proved that there exists ¢* > 0 such that for any ¢ > ¢*, the following problem

—cU'(§) =dU"(§) —aU(§) + [ KWV (§ —y)dy,  {€R,

—eV'(€) = —bV () + GU(9), §ER, 5.9
(U, V)(=00) = (u*,v"), (U, V)(+00) = (0,0),
U'(€) <0, V'(¢) <0, £eR

has a solution (U(€),V (§)) with £ = x — ct, while problem (5.2) has no solution for ¢ < ¢*. ¢* is called
the minimal speed of the traveling waves of (5.1).
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Theorem 5.1. Let (u,v,g,h) be a solution of (1.3). When spreading occurs, if a and b are sufficiently
small and

max ug(x) < u* max vp(x) < v¥, 5.3
l'e[—ho,ho] O( ) ’ -'L'E[_h()aho] 0( ) ( )
then we have
h(t —g(t
limsupﬁ, lim sup 9(t) <c.
t—oo t—oo t

Proof. We will construct a suitable upper solution to (1.3) and then apply Theorem 2.2.

In (5.1), we replace a by @ = a — &1 and replace b by b = b — 9, where 1 and e are small positive
constants. We then denote by ¢* the minimal speed of the traveling waves to the modified problem of
(5.1). We thus have

—cU'(§) =dU"(§) —aU(§) + [ K(yV(E—y)dy,  E€R,

—c"V'(§) = —bV(§) + G(U(9)), £ ER,
(U7 V)(_OO) = (5*75*), (U7V)(+OO) = (Oa0)7
U'(€) <0, V'(¢) <0, EER,

where (u*,0*) = (u* + e3,v* + &4), (e3,€4) — (0,0) as (g1,e2) — (0,0).
Let 9(x) be a smooth function satisfying

d(z) €[0,1], d(z)=0 for z<-1, I z)=1 for >0, (z)>0.
Since U'(§) < 0, V'(§) < 0 and lime—, (U, V)(§) = (0,0), we can find L > hg large enough such
that

1 17
¢ >—pU'(L) and & + — <19'Eﬂk W ) > 0.

L L

We now define

h(t) = R+¢*t, g(t)=—-R—¢&t, >0,

- U(x—E*t—R—l—L)—ﬁ(%)U(L), £>0, 0<a<h(t),
u(t,zr) = ~

U(—x—E*t—R+L)—19(%t*R+1 U(L), >0, g(t) <z <0,

- V(x—E*t—R—&—L)—ﬁ(%)V(L), £>0, 0<a<h(t),
v(t,x) = -

V(—o-@t-R+ 1) -0 (=== VL), 20, 5(t) <v <0,

where R > L will be determined later.
For given 9(z), if a and b are small enough such that

VL) o [LeK@-yidy) v
a< U(L) me(l_lf,oo){ J(z) } d b< V(L) Use(o,a*)G (Uy), (5.4)

then for all + > 0 and 0 < o < h(t), direct computations yield

Uy — Uy, + alt — /K(m —y)o(t,y)dy
R

19/’5* d’&"
L _ "7
—U(L) - dU” =

+a(U—-9U(L)) — /K(x —y)(V =9V (L))dy
R

=-—c'U +

U(L)
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9 9"
=0+ o) - T () e /Kx— YOV (L)dy

et dy’
<s1+ 7 LQ)U( ) —adU(L /Ka:f y)ddy - V(L)

>0,

and
Vi3

T+ 05— Q@) = — V' + L V(L) + b(V — V(L)) — GU — 9U(L))

L
— eV + ﬁf* V(L) — bWV (L) + G(U) — G(U — U (L))
> — WV(L) + G (Ue)oU (L)

> — bV (L)+ min G'(Up)9U(L)
Ug€(0,u*)

>0,
where Ug € (U —9U(L),U) C (0,u*). Similarly, for all ¢ > 0 and g(t) < « < 0, we have

Uy — dUyy + 0t — /K(m —y)o(t,y)dy > 0,

and
v+ b — G(w) > 0.
Clearly, h(0) = R > hg, g(0) = —R < —hg and
hi(t)=¢ > —pU'(L) = —pia(t, h(1), §'(t) = —¢" < pU'(L) = —ptia(, G(1))-
Since (U, V)(—o0) = (u*,v*) > (u*,v*), we can choose R > L + hg + 1 large enough such that
Uho—R+L)>u" and V(hg— R+ L)>v".
For this R, it follows from the definition of ¥(z) that

_ 1 —z — 1
19 (xf'i_> _ 19 (l‘l/R—|—> =0 fol“ xr e [_h07h0]'

By the condition

max ug(x) <u* and max wvg(x) < v*,
z€[—ho,ho] (@) z€[—ho,ho] o(a)
we have
u(0,2) =U(x —R+L)>U(hg — R+ L) > u* > up(x),
and

5(0,2) =V(x—R+ L) >V(hg — R+ L) > v* > vy(z),
for —hg < x < hg. Finally, we note that

a(t, h(t)) = u(t,g(t)) = v(t, h(t)) = v(t, 5(t)) = 0.
Hence, we can apply the comparison principle to conclude that h(t) < h(t) and g(t) > g(t). It follows
that
lim sup @, lim sup —9(t) <c

t—o0 t—oo t
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Due to the continuous dependence of ¢* on the parameters, the desired result follows by letting
g1, €2 — 0. O

h(t)
t

—g(t)
t

Remark 5.2. Because it is hard to describe liminf; ., and liminf;_, . precisely and further

prove
h(t h(t —g(t —g(t
lim inf Q = lim sup Q and liminf ﬁ = lim sup ﬁ,
t—o0 t—00 t t—o0 t—00 t
we cannot give the estimates of the asymptotic spreading speed, namely the value of lim;_. ., LIORPF]

t
limy— o0 _%(t). But if limy o ™ and lim,_ o _gt(t) exist, it follows from the property of the limit and

t
Theorem 5.1 that

h(t —g(t
lim QSE“ and lim ﬁg&*.
t—oo t—oo T
Hence, if spreading occurs, the asymptotic spreading speed of the front (if exist) will not be faster than

the minimal speed of corresponding traveling wave.

6. Discussion

Comparing with the problem without the nonlocal term, we find it is difficult to consider the principal
eigenvalue of problem (3.1), which is mainly due to the existence of the nonlocal term. As in [1,26],
we should build the relationship between the principal eigenvalue Ag of problem (3.4) and the principal
eigenvalue 7o of problem (3.11). By using O(d, 1) as a bridge, we derive that 7o has the same sign as \o.
Then, we only need to study the sign of 7.

The main results show that the nonlocal term has an influence on the spreading of the epidemic
disease. For the problem without nonlocal term, the results in [26] indicated that vanishing will occur if
a— % > 0. While for a — @ < 0, there exists d such that spreading always occurs if 0 < d < c?, and
whether spreading occurs or not depends on the initial data for d > d. In fact, this special case is exactly
K(z) = §(x). For problem (1.3) with nonlocal term, we deduce the similar results; see Theorems 4.4 and
4.9. But it follows from Remark 3.8 that the nonlocal term will decrease d*.

Theorem 4.8 illustrates that for some fixed diffusion rate d, the epidemic will spread if condition (H)
holds and the initial habit is large enough. While if the initial habit is small but the initial densities of
the infectious agents and infective human population are large enough, the epidemic will also spread.
Otherwise, vanishing will happen.

In Sect. 5, we consider a specific situation; namely, a and b are small enough such that (5.4) holds;
in addition, ug and vg are suitably small such that (5.3) holds. Under this specific situation, we estimate
roughly the asymptotic spreading speed when spreading happens. Here, we should emphasis that these
conditions are added only for the convenience of constructing a suitable upper solution. For a two species
system with free boundaries, Du et al. [13] firstly gave the precise asymptotic spreading speed determined
by a certain traveling wave type system of one space dimension, which is called a semi-wave. For the
precise asymptotic spreading speed of problem (1.3), due to the complexities and difficulties arising in
constructing suitable upper—lower solutions precisely, we leave it for further consideration.
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