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A B S T R A C T

Elastoplastic thermal buckling characteristics of ceramic-metal functionally graded material (FGM) beams
subjected to transversely non-uniform temperature rise are investigated by symplectic method in Hamiltonian
system. Based on TTO model, the linear hybrid hardening elastoplastic model is used to simulate the elasto-
plastic material properties and establish thermal elastoplastic constitutive equations of FGM beams. Then, the
canonical equations are established to transform critical loads and buckling modes into symplectic eigenvalues
and eigensolutions in symplectic space. The main contributions of this study are that complete buckling mode
space and critical thermal axial forces for elastoplastic thermal buckling of the FGM beams are obtained by
analytical solutions; meanwhile, buckling temperatures and elastoplastic interfaces of the bucked FGM beams
are obtained by inverse solutions. Numerical examples of buckling behaviors varying with thermal load, slen-
derness ratio and power law index are presented. The effects of elastoplastic material properties on critical
temperatures and plastic zone are analyzed and discussed.

1. Introduction

Functionally graded materials (FGM) are advanced composite ma-
terials whose material properties vary smoothly and continuously in a
certain direction and have been used in many engineering fields due to
their excellent thermal resistance and crack resistance in extreme
thermal environments [1,2]. When FGM structures are subjected to
thermal loading, the variations of temperature result in thermal stresses
even occurrence of instability.

Up to now, considerable research works on buckling and thermal
buckling for FGM beams, plates and shells have been published, but
most of them are only limited to elastic analyses. For example, buckling
and post-buckling of FGM Timoshenko beams rested on two-parameter
non-linear elastic foundation and under thermal loads were numerically
investigated by Sun et al. [3]. Thermal buckling and post-buckling re-
sponses of FGM Timoshenko beams and imperfect plates under non-
uniform heating were examined by Li et al. [4,5]. The results showed
the behaviors of FGM beams and perfect plates with fixed boundaries
are bifurcation buckling even if the non-uniform heating load is ap-
plied. However, the imperfect plates have no bifurcation buckling
under any load. On the basis of isogeometric analysis and higher-order
shear deformation theory, Tran et al. [6] examined the nonlinear
thermomechanical stability of the FGM plate. Feldman and Aboudi [7]
studied the bifurcation buckling of FGM rectangular plates subjected to
in-plane loading. But the coupling between tension and bending of FGM

plate was not considered, and also the condition of bifurcation buck-
ling. Na and Kim [8], Liew et al. [9] studied the thermal buckling and
thermal post-buckling of FGM rectangular plates. Ma and Wang [10]
studied the post-buckling of FGM circular plates under mechanical and
thermal loads on the basis of first-order and third-order plate theory.
Studies had shown post-buckling equilibrium paths of FGM plates under
static loading are stable. Najafizadeh and Eslami [11] studied the static
thermoelastic stability of FGM circular plates on the basis of classical
theory and Terriftz criterion. Sun et al. [12,13] studied the static
thermal buckling of FGM cylindrical shells in symplectic space of Ha-
miltonian system, and the symplectic solution process were presented.

Engineering structures often suffer dynamic loads which lead to
instability. Research on elastic dynamic stability of FGM structures, Ng
et al. [14] discussed dynamic stability of FGM cylindrical shells sub-
jected to harmonic axial loading. Sofiyev [15–17] solved the dynamic
stability problem of FGM truncated conical shells under aperiodic im-
pulsive loading and dynamic axial pressure, considering different initial
conditions. These studies found the critical buckling loads can be ef-
fectively controlled by appropriately changing the volume fraction of
FGM. Sohn and Kim [18] studied the static and dynamic stability of
FGM panels under static thermal load and aerodynamic load, on the
basis of first-order nonlinear plate theory. Prakash et al. [19] and Ga-
napathi [20] studied the dynamic stability of FGM shallow spherical
shells under step load, and obtained the axisymmetric buckling critical
loads via B-R criterion. Shariyat [21] analyzed the nonlinear dynamic
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buckling characteristics of preloaded FGM cylindrical shells subjected
to transient thermal. He also examined the dynamic buckling behaviors
of FGM plates subjected to thermal, electric and mechanical loads [22].
Geometrical imperfections were considered in above two investiga-
tions. Ke and Wang [23] examined dynamic stability of FGM micro-
beams, considering size effect. Based on B-R buckling criterion, Huang
and Han [24] researched the buckling of imperfect FGM cylindrical
shells under axial compressed load on the basis of Donnell shell theory.
Zhang and Li [25] studied nonlinear dynamic buckling of FGM conical
shells under non-uniform normal mechanical impact loads, and the
critical loads were obtained based on B-R buckling criterion. The static
and dynamic buckling problems for imperfect FGM beams under uni-
form temperature rise load and compression were studied by Ghiasian
et al. [26], considering temperature dependent and elastic foundation.
Dynamic buckling load and post-buckling equilibrium path were pre-
sented.

If thicknesses of engineering structures are large, internal stresses
are often large, even exceeding elastic limits. At the same time, since
metals which are important constituents of FGM are plastic materials,
they cause plastic deformation in regions with large stresses and elas-
toplastic buckling of FGM structures. With the increasingly wide utili-
zation of FGM and higher safety requirements, it is necessary to ex-
amine elastoplastic buckling characteristics in order to more accurately
predict the critical loads and improve permissible loads in elastic ana-
lysis, and also use plastic properties of materials fully. However, the
research on elastoplastic buckling of FGM structures is much fewer
compared to those on elastic buckling. Based on the Donnell shell
theory and J2 flow or deformation constitutive equations of FGM, the
elastoplastic buckling of FGM cylindrical shells under axial compres-
sion, combined compression and pressure or torsional load were studied
in Refs. [27–29], respectively. In which, Galerkin method was applied
to solve the buckling equations, and solutions of critical load and re-
gions of elastic, elastoplastic and plastic buckling were given. Using the
same method, post-buckling of axial compressed elastoplastic FGM
cylindrical shells were also examined by Xu et al. [30]. In addition,
elastoplastic buckling and post-buckling of FGM plates under thermo-
mechanical loads were studied by Sharma and Kumar [31,32], ac-
cording to first-order shear and nonlinear plate theory. Elastoplastic
post-buckling of FGM beams under mechanical load was studied by
Trinh et al. [33], considering nonlinear elastic foundation. These stu-
dies show elastic post-buckling equilibrium paths of FGM plates and
beams are stable, but those of elastoplastic post-buckling are unstable.

FGM beams are based on flexible design for their material proper-
ties. They achieve the expected functional requirements and satisfy the
applications in various engineering field, such as aerospace, micro-
machines, nuclear power, information engineering and marine en-
gineering etc. As far as the authors know, few research results have
been reported on the elastoplastic thermal buckling of FGM structures.
Therefore, this study examines the elastoplastic thermal buckling of
ceramic-metal FGM beams by symplectic method in Hamiltonian
system. The volume fractions of constituent materials are assumed to

smoothly vary by power law function in the thickness direction and
linear hybrid hardening elastoplastic model is used to simulate the
elastoplastic material properties. The elastoplastic constitutive equa-
tions are established based on TTO model, in which ceramic is con-
sidered to be elastic and the metal is bilinear elastoplastic. And then
canonical equations are established in Hamiltonian system and buck-
ling mode equations and bifurcation conditions are solved by analytical
methods; the buckling modes and buckling thermal loads are obtained
accordingly. Finally, critical buckling temperatures and relevant elas-
toplastic interfaces are obtained via yield condition and inverse solu-
tions of buckling thermal axial forces. Their influencing factors are also
discussed in detail by parametric studies, this study provide a complete
reference for the engineering design of FGM beams.

2. Problem formulations

Rectangular section FGM beams with length l, width b, height h and
cross-sectional area A= b× h are considered, as schematically shown
in Fig. 1. A coordinate system (x, y, z) is adopted where the x-axis is in
axial direction, the y-axis in width direction and the z-axis in thickness
direction. The xOy plane is placed on geometric midplane of the beams.
The origin of coordinates is located at the centroid of left end. The FGM
beams are subjected to transversely non-uniform temperature rise. The
elastoplastic thermal buckling of FGM beams with fixed or pinned
boundaries is considered.

2.1. Material properties of FGM

FGM are usually made of metal and ceramic. The effective material
properties usually are predicted by micromechanical models such as the
Mori-Tanaka estimates [34], the self-consistent, generalized self-con-
sistent or differential schemes [35]. It should be mentioned the average
field schemes are originally developed for statistically homogeneous
aggregates on the basis of a representative volume element (RVE).
However, there is no RVE to be defined in FGM, these average field
estimates can only be applied with a reasonable degree of confidence.
In addition, rule of mixtures [36] and the modified rule of mixtures
have been developed to determine the effective properties of FGM.
Although the rules of mixtures are simple and rough micromechanical
models, they are widely used due to its simplicity and convenience. In
this study, the linear rule of mixtures is also considered to describe
variation of material properties, which beneficial to solve thermal
conducted equations and obtain analytical solutions of stretching,
bending-stretching coupling and bending stiffness coefficients. Based on
the model, the material properties P(z) of functionally graded materials
(including mass density ρ, thermal expansion coefficient α, thermal
capacity C and thermo-conductivity K) are expressed in compact form
as [36]

= − +P z P P V z P( ) ( ) ( )c m c m (1)

in which Pc and Pm indicate the material properties of ceramic and

Fig. 1. Functionally graded material beam.
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metal, respectively. Volume fractions V z( )c and V z( )m are assumed to be
power function of the thickness coordinate z [25], expressed as

= ⎛
⎝

− ⎞
⎠

= −V z h z
h

V z V z( ) 2
2

, ( ) 1 ( )c

n

m c (2)

in which power law index n is employed to control the distributions of
constituents in FGM, and also measured the gradient characteristics of
FGM.

For the elastoplastic material properties of ceramic-metal FGM
(including elastic modulus E , yield limit σY and tangent modulus H ) are
given based on the linear hardening elastoplastic model which is cur-
rently and widely accepted, named Tamura-Tomota-Ozawa (TTO) hy-
brid reinforcement model [30]. Generally, ceramics are brittle mate-
rials with higher elastic modulus and strength than those plastic
materials. Therefore, we consider that the ceramics always maintain
elastic deformations, and yield in FGM structures is mainly caused by
the metals with bilinear elastoplastic when the equivalent stresses are
greater than yield limit. Based on TTO model, elastic modulus, yield
limit and tangent modulus of FGM can be given separately by the fol-
lowing expressions [30]
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In the above formulas, Em, Hm and σYm represent elastic modulus,
tangent modulus and yield limit of the metals, respectively. Ec represent
elastic modulus of the ceramics. And = ′q q Ec is the ratio of stress to
strain transfer, where ′q is the stress transfer coefficient. ′ →q 0 and
′ → ∞q correspond to the Reuss and the Voigt models, respectively. In
this study, the Voigt model is used in numerical calculations, that is
′ → ∞q .

2.2. Fundamental equations

For FGM beams under the transversely non-uniform temperature
rise, their deflections at any point are denoted by w relevant to the z
directions. According to the Euler–Bernoulli beam theory, normal strain
εx is

= −ε z z κ( )·x 0 (6)

in which = − ∂
∂

κ w
x

2
2 indicates curvature at any point on the x axis. z0

refers to the distance of physical neutral plane from geometric midplane
of the beams shown in Fig. 1, and it is approximately calculated by

∫
∫
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(7)

We consider that boundaries of FGM beams are fixed two ends
(fixed-fixed, usually abbreviated to F-F) and fixed at one end and
pinned at another end (fixed-pinned, abbreviated to F-P). For the F-F
beams, when =x 0 and =x l, boundary conditions are

= ==
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0,
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For the F-P beams, when =x 0 and =x l, boundary conditions are
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For the elastoplastic FGM beams, there are the elastic deformation
zone and the plastic deformation zone. The elastoplastic constitutive

equations of the beams are described by TTO model combine with J2
deformation theory. According to TTO model, relationships between
axial normal stress σx and normal strain εx are [37]
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in which T z( ) is increment in temperature compared with ambient
temperature T0. s is the distance between elastoplastic interface and
geometric midplane of FGM beams as shown in Fig. 1, its values are
determined by external loads. When =s h0.5 , there is no plastic de-
formation inside FGM beams, therefore elastic buckling occurs. When
− < <h s h0.5 0.5 , elastoplastic buckling occurs. When = −s h0.5 , can
be seen plastic buckling occurs.

2.3. Canonical equation

In this study, Hamiltonian system and symplectic method are used
in the elastoplastic buckling problem of the FGM beams subjected to
transversely non-uniform temperature rise. The Lagrange function is
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In the above formula, Ek and Π are kinetic energy and potential
energy of FGM beams, respectively. ∫=I ρ z z( )d

A
is the mass per unit

length. Mx , NT and MT separately are bending moment, thermal axial
force and thermal bending moment, are defined as
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e p (12b)

in which Ae is the cross-sectional area where elastic deformation occurs,
Ap is the cross-sectional area where plastic flow occurs, and

+ =A A Ae p . Introduce the problem into Hamiltonian system, define
′ = ∂

∂w w
x and = ∂
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t , then the Lagrange function can be expressed as
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Mark the original variable as =w q, and introduce dual variable

= =p δL
δq

Iq
̇

̇

The Hamiltonian function can be expressed as
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Introduce a state vector =ψ q p{ , }T . Hamiltonian dual canonical
equations can be derived by Legendre transformation and variational
calculations as
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In the above equation, D is bending stiffness of FGM beams, which is
defined as

∫ ∫= − + −
−

D b E z z b H z z( ) dz ( ) dz
h

s

s
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(16)

The boundary conditions Eqs. (8) and (9) can also converted into
Hamiltonian system. For the F-F FGM beams
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For the F-P FGM beams
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The Eqs. (15), (17), and (18) are the dual canonical equation and
the boundary conditions for elastoplastic thermal buckling of FGM
beams under non-uniform temperature in Hamiltonian system, which
contain thermal axial forces that rely on the temperature fields.
Therefore, solutions of the temperature fields have to be first acquired
to solve the canonical equations.

3. Non-uniform temperature fields in FGM

The FGM beams are subjected to transversely non-uniform tem-
perature rise, and the increments of temperature on upper surface and
bottom surface are Tm and Tc, respectively. Four sides of the beam are
adiabatic with environment. Due to the increments of transversely
temperature inside FGM beams are assumed to be the function of
thickness coordinate z, the increments =T T z( ) satisfy the following
one-dimensional thermal conduction equation [4]
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(19)

This model ignores the time of heat conduction, and the change of
temperature due to work produced by the deformations is also ne-
glected. However, the non-uniform temperature fields can be obtained
easily by integrating Eq. (19) and using the boundary conditions

− =T h T( 2) c and =T h T( 2) m as
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in which =T T Tr c m. Thermal axial force NT with undetermined para-
meter Tc and Tm can be expressed by integrating Eq. (12a) in the
thickness direction.

4. Analytical solutions of the equations

For the buckling problems of FGM beams in Hamiltonian system,
zero eigenvalue and eigensolution satisfy the following equation

=ψ̇ 0 (21)

For easy solutions, dimensionless variables =X x l, =L l h,
=W w l, =Q q l and =θ N l

D

T 2
are adopted. Then substituting them and

Eq. (15) into Eq. (21), the dimensionless canonical equation can be
written as

+ =Q
X

θ Q
X

d
d

d
d

 0
4

4

2

2 (22)

The dimensionless boundary conditions also can be obtained as
followings. For the F-F FGM beams
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For the F-P FGM beams
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The Eq. (22) is a linear homogeneous equation whose general so-
lution is

= + + +Q C C X C θ X C θ Xcos( ) sin( )1 2 3 4 (24)

where C1, C2, C3 and C4 are undetermined constants calculated via the

boundary conditions. Substituting the boundary conditions Eq. (23a) of
the F-F beams into Eq. (24) obtains
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For the boundary conditions Eq. (23b) of the F-P beams into Eq. (24)
obtains
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The solutions of Eqs. (25) and (26) should be non-zero while the
elastoplastic buckling of FGM beams occurs, that is, determinants of
coefficient matrices equal to zero. Expanding the determinants and
simplifying equations to obtain the bifurcation conditions of elasto-
plastic thermal buckling. For the F-F FGM beams is

− − =θ θ θ2 2 cos sin 0 (27)

For the F-P FGM beams is

− =θ θ θsin cos 0 (28)

The dimensionless buckling eigenvalues θi for the two kinds of
boundary conditions can be calculated by solving Eqs. (27) and (28)
using Newton-Raphson method, respectively. Based on the expressions

=θ N l
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T 2
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2 , the relevant buckling tem-

perature increments Tm
cr will be obtained.

In order to calculate the distances s between elastoplastic interface
and geometric midplane, assume the strain at any point on cross-section
is the same when FGM beams are in critical states of buckling, and
equal to the strain at the yield point =ε σ s E s( ) ( )x Y . The axis force N in
cross-section of FGM beams is

∫ ∫
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Considering the strain, Eq. (29) can be written as
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For the FGM beams that are only subjected to thermal loads,
thermal axial forces equal to axial forces in the cross-sections.
Substituting the obtained eigenvalues θi into =θ N l

D

T 2
in combination

with Eq. (30), the ith-order buckling thermal axial force and the re-
levant distance s can be obtained by numerically solving nonlinear al-
gebraic equations. Furthermore, the ith-order buckling temperature
increment can be obtained by inverse solving the equation

∫ ∫= +−N EαT z A HαT z A( )d ( )dT
h
s

s
h

2
2 .

The buckling modes can be obtained by the normalization method.
Let =C 14 , and the other coefficients of buckling modes for the two
kinds of boundary conditions are solved via Eqs. (25) and (26). For the
F-F FGM beams obtain

=
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= − =
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i i
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For the F-P FGM beams obtain
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= = − = −C tan θ C θ C tan θ, ,1 2 3 (32)

Then substituting the two sets of coefficients C1, C2, C3 and C4 into
Eq. (24), the ith order buckling modes of FGM beams with two kinds of
boundary conditions can be obtained. For the F-F FGM beams, are ex-
pressed as

=
−

−
− + −Q

θ sin θ
cos θ

cos θ X sin θ X θ X
1

[1 ( )] [ ( ) ]i
i i

i
i i i

(33)

For the F-P FGM beams are

= − + −Q θ θ X θ X θ Xtan [1 cos( )] [sin( ) ]i i i i i (34)

5. Numerical results and discussions

5.1. Buckling modes of the FGM beams

The dimensionless eigenvalues for elastoplastic thermal buckling of
FGM beams with two kinds of boundary conditions are obtained by
bifurcation conditions Eqs. (27) and (28) using Newton-Raphson
method. For the F-F beams, they are

=θ 39.471 , =θ 80.762 , =θ 157.913 , =θ 238.724 , =θ 355.315 , … ;
For the F-P beams, they are

=θ 20.191 , =θ 59.672 , =θ 118.903 , =θ 197.854 , =θ 296.555 , … .
Substituting the above eigenvalues into Eqs. (33) and (34) sepa-

rately, the ith-order buckling modes of F-F and F-P FGM beams can be
obtained. First- to fourth-order buckling modes of F-F and F-P FGM
beams are plotted in Fig. 2a and b, respectively. As shown in the two
figures, the different eigenvalues are corresponding to different buck-
ling modes. The orders and wave numbers of buckling modes are in-
creased with dimensionless characteristic values increasing. At the
same time, it is found that the shapes of buckling modes are in-
dependent of the material properties by comparing with the results in
Ref. [38].

5.2. Elastoplastic buckling thermal loads and yield interfaces

In this section, elastoplastic critical thermal axial forces and elas-
toplastic interfaces of the bucked FGM beams are calculated and dis-
cussed. Firstly, the accuracies of theoretical derivations and numerical
calculations in this study are illustrated, and also the effectiveness of
symplectic method to study elastoplastic thermal buckling of FGM
beams. Let =s h 2, the elastoplastic FGM beams degenerate into fully
elastic beams. At the same time, bending stiffness and thermal axial

force become ∫= −−D b E z z( ) dzh
h

2
2

0
2 and ∫= −N b EαT z z( )dT

h
h

2
2 , re-

spectively. When the power law index =n 0, the FGM beams are re-
duced into homogeneous beams. In this way, the critical buckling
temperatures (i.e. the minimum buckling temperatures which corre-
sponding to the first-order buckling mode =i 1) for homogeneous
elastic beams can be obtained by symplectic method, in which the
material properties are selected the same as in Refs. [4,39]. Compar-
isons between the present results and the corresponding results of Refs.
[4,39,40] are separately listed in Table 1. In Ref. [4], the dimensionless
thermal load parameter is =λ L α Tm m

2 , the critical buckling tempera-
ture for F-F beam =λ 3.29cr can be obtained. In Ref. [40], the di-
mensionless thermal load parameter is =τ L α T12 2 , the dimensionless
critical temperature for F-P beam =τ 20.1907cr can be obtained. Con-
verting these results above into dimensional critical temperatures, and
then listing them and the results of Ref. [39] in Table 1. As shown in the
table, the results obtained by symplectic method are very close to the
results in Refs. [4,39,40] obtained by traditional method of elastic
mechanics, it proves that the correctness and reliability of calculation
by the symplectic method.

In the following numerical calculations, the length of FGM beam is
specified as =l 500 mm. The constituent materials are considered as
ceramic Zirconia and metal Ti-6Al-4V, material properties of them are
listed in Table 2.

Fig. 3(a–c) demonstrate the variations of critical thermal axial
forces for the F-F FGM beams with the power law index n, given dif-
ferent valuers of slenderness ratios =L 5, 10 and 15. As shown in the
three figures, the critical thermal axial forces decrease when the power
law index n increases. It means that the abilities of FGM beams to
withstand axial forces decrease with the increase of n. This is because
the FGM beams reduce to homogeneous ceramic ones when =n 0; And
reduce to metal beams when → ∞n . The constituents of the ceramics
drop when n increases, so the Young’s modulus, tangent modulus and
bending stiffness of FGM beams decrease. At the same time, the critical
thermal axial forces decrease obviously with the increase of smaller n;
But for bigger n, the variations gradually decrease. In addition, we can
found that when <n 63, <n 6 and <n 1 separately corresponding to
the F-F FGM beams with slenderness ratio =L 5, =L 10 and =L 15, the
failure forms are strength failure, and no buckling occurs. For ⩾n 63,

⩾n 6 and ⩾n 1, the elastoplastic buckling of FGM beams with =L 5,
=L 10 and =L 15 begins to occur. This is because that when n is small,

the ceramic is the main constituent material of FGM, the elastic mod-
ulus of the beams is large, and the structures does not suffer from
buckling failure. As n increases, the volume fraction of metal increases,
and the bending stiffness decreases, so it results in the occurrence of

Fig. 2. 1st- to 4th-order buckling modes of the FGM beams. (a) F-F ends, (b) F-P ends.
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elastoplastic thermal buckling. In addition, since the bending stiffness
of FGM beams decrease as the slenderness radio increases, the amount
of critical buckling thermal axial forces drop significantly as the slen-
derness ratio increases which could be found by comparing the three
figures.

Fig. 4(a, b) plot the variations of critical thermal axial forces NT
cr for

the F-P FGM beams with the power law index n, given slenderness ra-
tios =L 5 and 10. As shown in these figures, the critical buckling
thermal axial forces decrease when the power law index n increases. In

addition, we can found that when <n 23 and <n 2 corresponding to
the F-P FGM beams with slenderness ratio =L 5 and =L 10, the failure
forms are strength failure, and no buckling occurs. For the F-P FGM
beams with =L 5, the elastoplastic buckling begins to occur when

⩾n 23. For =L 10, the elastoplastic buckling begins to occur when
⩾n 2. Comparing with the Fig. 3(a–c), it can be found that the buckling

critical forces of the F-F beams are larger than those F-P beams, when
the same parameters n and L are given.

Characteristic curves of the distance s between elastoplastic inter-
face and geometric midplane versus the power law index n are plotted
in Fig. 5(a–c). When elastoplastic buckling of the F-F beams occurs,
representing some specified values =L 5, 10 and 15. It can be found
from the Fig. 5(a) that the distances s increase with increasing n, and it
change slightly only between −50 and −47.5 for the F-F FGM beams
with the slenderness ratio =L 5 when buckling occurs. It means that
the elastoplastic interface is very close to the ceramic side, and slightly
offset to the metal side with increasing n or the decrease of critical

Table 1
Critical temperatures of the homogeneous beam with F-F and F-P boundaries.

B.C. L 10 15 20 25 30 40 50 60

F-F Ref. [4] 1430.43 635.75 357.61 228.87 158.94 89.40 57.22 39.73
Ref. [39] 1426.79 634.87 353.13 226.47 158.61 87.13 56.48 39.47
Present 1430.07 635.59 357.52 228.81 158.90 89.38 57.20 39.72

F-P Ref. [39] 728.15 328.18 182.27 121.02 81.84 47.48 31.61 19.91
Ref. [40] 731.55 325.13 182.89 117.05 81.28 45.72 29.26 20.32
Present 731.52 325.12 182.88 117.04 81.28 45.72 29.26 20.32

Table 2
Material properties of Zirconia and Ti-6Al-4V [41,42].

Material K
[W/(m·K)]

E
(GPa)

α
(1/K)

σY
(MPa)

H
(MPa)

Zirconia 1.7 244.26596 12.7657×10−6 – –
Ti-6Al-4V 1.20947 122.55676 7.57876×10−6 1540.93 2306.15

Fig. 3. The critical thermal axial forces NT
cr of the F-F FGM beams versus power law index n. (a) =L 5, (b) =L 10, (c) =L 15.
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thermal axial forces. Especially for bigger n, the positions of interface
are almost motionless with the increase of n. It is indicated that for
smaller slenderness beams, most of the stresses inside FGM beams ex-
ceeds yield limit when elastoplastic thermal buckling occurs. For the F-
F FGM beams with =L 10, as shown in Fig. 5(b), the distance s in-
creases with increasing n, i.e., the elastoplastic interface move from the
ceramic side toward the metal side with increasing n. When n is large,
the distances s increase very slowly, and eventually tend to be constant

with the increase of n. It means that the plastic deformation zone is
small when n is small or the volume fraction of the ceramic is large. As
n increases or the volume fractions of the metal increase gradually, the
plastic deformation zone also widen. The non-monotonic variations of s
are because the metal in FGM beams increases and the critical thermal
axial forces also decrease as n increases. For the beams with =L 15, the
distance s varies only between 13.8 and 15. The elastoplastic interface
is close to the metal side and moves in a small range with the increase of

Fig. 4. The critical thermal axial forces NT
cr of the F-P FGM beams versus power law index n. (a) =L 5, (b) =L 10.

Fig. 5. The distances s of the elastoplastic interfaces for the bucked F-F FGM beams versus n. (a) =L 5, (b) =L 10, (c) =L 15.
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n, it means that the plastic deformation zone is smaller.
Fig. 6(a, b) plot the variations of the distances s with n for the

bucked F-P FGM beams. As shown in Fig. 6(a), law of the variations for
the F-P FGM beams with =L 5 is similar to the F-F beams. The elas-
toplastic interface is close to the ceramic side and slightly offset to the
metal side with increasing n or the decrease of critical thermal axial
forces. Most of stresses inside the smaller slenderness FGM beams ex-
ceed yield limit when elastoplastic thermal buckling occurs. For the F-P
FGM beams with =L 10, it can be found from Fig. 6(b) that the distance

s varies only between 17.8 and 19.4. And the elastoplastic interface is
close to the metal and varies in a small range with the increase of n, so
the plastic deformation zone is smaller. Comparing with Fig. 5(a–c), we
can found that the elastoplastic zones of the bucked F-P beams are
smaller than the F-F beams, when the same parameters L and n are
given.

Fig. 6. The distances s of the elastoplastic interfaces for the bucked F-P FGM beams versus n. (a) =L 5, (b) =L 10.

Fig. 7. The critical temperature Tm
cr of the F-F FGM beams versus power law index n. (a) =L 5, (b) =L 10, (c) =L 15.
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5.3. Critical buckling temperatures

In this section, the critical buckling temperatures are calculated and
discussed. And the influences of material gradient, parameters of
structural geometry and thermal loadings on critical buckling tem-
peratures are also studied. Fig. 7(a–c) show the variations of elasto-
plastic critical temperature Tm

cr of the F-F FGM beams with the power
law index n, for some specified values of Tr and L. Some critical tem-
peratures are also listed in Tables 3 and 4 simultaneously. As shown in
these figures and tables, critical temperatures decrease with the in-
crease of n. It means that the abilities of FGM beams to withstand cri-
tical temperature decreases as n increases. This is due to the fact that
the component of Ti-6Al-4V increase with the increase of n, which leads
to decreases of Young's modulus, tangent modulus and thermal ex-
pansion coefficient of FGM beams. In addition, it shows that the critical
buckling temperatures drop significantly as the slenderness ratio L in-
creases. This is because the bending stiffness of FGM beams decrease as
the radio L increases.

Fig. 8(a, b) demonstrate influences of the gradient properties of
materials on critical temperatures for the F-P FGM beams. Some critical
temperatures are also listed in Table 5. It shows that the critical
buckling temperatures decrease with the increase of n. And the critical
buckling temperatures decrease with the increase of slenderness ratio L,
as expected. Comparing with Fig. 7(a–c), the critical buckling tem-
peratures for the F-F boundary conditions are higher than the F-P
beams, when the same parameters n and L are given. As temperature
ratio =T T Tr m c increases, the critical bucking temperatures obviously

drop.

6. Conclusion

The elastoplastic thermal buckling of metal-ceramic FGM beams is
studied by symplectic method in Hamiltonian system. In which the
effective elastoplastic material properties of FGM are calculated ac-
cording to TTO model. The buckling mode equations and bifurcation
conditions are established and solved by analytical methods in the
Hamiltonian system. The buckling thermal loads and buckling modes
are obtained accordingly. The critical buckling temperatures can be
obtained via yield condition and inverse solutions of buckling thermal
axial forces. The following conclusions are obtained:

(1) The elastic thermal buckling usually occurs for FGM beams with
large slenderness ratio. However, the elastoplastic thermal buckling
occurs for FGM beams with small slenderness ratio. At the same
time, the critical temperatures decrease as slenderness ratio in-
creases.

(2) For the FGM beams with smaller slenderness ratio, elastoplastic
buckling occurs when power law index is greater than some certain
values; otherwise there are only failures of strength. The elasto-
plastic critical thermal axial forces decrease with the power law
index increases, because the increment of metal constituent lead to
drop in bending stiffness.

(3) Along the thickness of FGM beams, the effect of plastic flow is more
dominating in the metal-rich side. The area of plastic flow zone

Table 3
NT

cr and Tm
cr of the F-F FGM beam with L=10.

n 6 8 20 35 50 60 80 100

NT
cr(×106 N) 87.98 85.55 83.46 81.62 80.96 80.71 80.38 80.12

Tm
cr

(K)
Tr=5 1010.95 943.67 843.33 803.32 787.52 780.95 772.34 764.55
Tr=10 512.29 478.12 427.42 407.25 399.28 395.97 391.62 387.69
Tr=15 343.07 320.17 286.25 272.76 267.44 265.22 262.32 259.69
Tr=20 257.88 240.67 215.18 205.05 201.05 199.39 197.20 195.23

Table 4
NT

cr and Tm
cr of the F-F FGM beam with L=15.

n 5 7 12 30 40 50 80 100

NT
cr(×106N) 59.87 57.74 55.29 53.14 52.74 52.49 52.11 51.98

Tm
cr

(K)
Tr=5 282.56 272.65 262.48 250.63 248.62 247.39 245.51 244.88
Tr=10 149.76 144.46 138.32 132.92 131.89 131.26 130.30 129.98
Tr=15 101.87 98.26 94.09 90.44 89.75 89.33 88.69 88.47
Tr=20 77.19 74.45 71.29 68.54 68.01 67.70 67.21 67.06

Fig. 8. The elastoplastic critical temperature Tm
cr of the F-P FGM beams versus power law index n. (a) =L 5, (b) =L 10.
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significantly affected by slenderness ratio, power law index and
elastoplastic material properties when the elastoplastic thermal
buckling of FGM beams occurs, and it can be enlarged by de-
creasing the slenderness ratio or increasing the power law index.
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