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X-Ding projective modules
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Abstract: Let R be an associative ring with identity and X is a class that contains all flat R-modules, the

definitions of X-Ding projective modules and X-Ding projective dimensions are introduced and the relative

properties are studied. A right R-module M is called X-Ding projective if there exists an exact sequence
P=:..—-P —P,—> P’"—> P'— - of projective right R-modules such that M = Ker (P’ — P') and

Homg (P, F) is exact whenever F& X. It is proved that the class of all X-Ding projective modules is projec-

tively resolving and is closed under direct sums and direct summands.

In addition, it is proved that if

GX-Dpd(R)<<co, then (X-DP(R), (X-DP(R))") is a complete here ditary cotorsion pair.
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Exti (G, F)=0,}h FEX. )\ifi GE L F(R). X[
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Fon R-BEM 1) X-T #0428
Fr GX-Dpd(R) ¥F R | B4k X-T % 4 4
.1d
GX-Dpd(R)= Sup {X-Dpd(M)}

Y Me Mg

5184 MEEERB.ZETHMNADIES
y1
A=:0>L,>X, —>>X,>M>0

Bt 0onL, > X, | oeren X, 2 M0
X5 Xoe, X, 2 X-T HRL,

WL, X-T RS ALY L, 2 X T #
UERR B L, e X T HATRE BC RBE MR BT
oy fiik

% Xy,

d d,

C=:0>K—>P, —>—
P,—P,—~M—>0
EEP:K:Kerdn*l ’Po [ ’Pn*l%*ﬁgrj-*i- ﬁ?’f%%

B £ BRI  E 6 TR

0—>K—>P —>:io—>pP —>P —>M—>(

AT

00— L, —> an —»---—»Xl —»XO —_— M —»0

E6 ZHE
Fig. 6 Commutative diagram
F gL g 7 s,
Hrp cone(f)=0—>K—>P, ,@DL,—>-+—>MD



RIETEA  X-T 4 + 153 -

_—x —
@4—:‘w4—0

0—K

|
|

De—=T +—o

0—>K—> P,

0—0

SCEe— «—
\

B7 Z#HkE

Fig.7 Commutative diagram

Xc>M—-0,. \NiARELEEARS 0>C[1]—>

cone(})%A*O . i RIS i B cone(})%
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HATE LU P, DL, 5 X PP, & X-T#
P i =1, n— 1. AR X-T B G A S 2 4% 5 T
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FFLL L, 5 X-T R 0RE. ¥ L, & X T S, 7 3
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FE6 HO0>K>G>M—>0EEIESFE.,
Hh G X-THREBL % M 2 X-THRE 6.0 K
X T B 0

X-Dpdg (K) = X-Dpdg (M) —1 =0

iERR X FEIEE%] 0>K—>G>M—>0,.45 M
S X T B Bl XT3 SRR K 8 5 T A
B LA K S X-T # 5H,

P MO X-T BESHEL 3 M o X-T 35 4 50
S M M AT X =T He 540 it -
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AR, i =0 H B /e ERS) 0>~1—>P,
o> P >K—>0, ¥ I=Im(P,, ,—>P, ). L
HIEEH] 0>I—>P, ,—>++—>P,—>G—>M—>0. g1 5|
AALAENT SR X-T AL, BB X-Dpdg (KD <<m — 1.
#7 X-Dpdg (K) <<m— 1, W X-Dpdi (M) << 5 8%
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X-Dpdg (K)=m—1=X-Dpd(M) —1

WAl WREMMKX-THIERAER .2 &
L TSN

1) X-Dpdg (M) <n;

2) Extr (M,L)=0,i>n, ST & 4 50f R
B R-BLL s

3) Extiu (M, F)=0,i>n, W &K FIE F;

O HFHEESRS 0K, ~>G, | > —>G, >
M—0, Hrh G, & X-TH 8N K, W2 X-T 4855
.

1« X-Dpdr (VD A F 30 24 X H 5
X-Dpdg (M) =

Sup{i € N, | 3L € F(R).Exti(M,L) # 0} =
Sup{i € N, | 3F € F(R),Exti (M,F) # 0}

ERR D=2) M X-Dpde (MD<<n, i X-T &
SRR LA AEE IER RS 06, —~G, 1 —>
>G> Gy > M—0, Hth Gy, .G, EX-T # it
PG 3 ML PR B RBLL A
Exty (G, , L)=Extp (M,L),i>0 H R H. HH
G, & X-T #5855, B LA ST 32 57 35 48 B0F IR 1Y
R-# L,Exty "(G,, L) =0. ¢ % T i>n, Extz (M,
L)=0.

2)=3) B,

D= XM TIEEY 0>K,—~G, 1 —>—>G,—~>
M—>0,HH Gyo .G, & X-T 8GR g3 3
X TFAR B R B F, A Exty (K,, F) =~Exty " (M,
F),i>0 H A% h 3) M Ext, (M, F)=0, )i
Exti (K,, F)=0. N M 1) X-T #5 4E5047 R .
maEH 6 n] M K, B9 X-T #% 5 48 5o A . %
X-Dpdg (K) < , WA EEH] 0>G,—>G,, | —>-—>
Go—>K, =0, Gl Gl X-T SR 5 L IE
G AT W — R 5 5 E A5 B

A=:0->C—>G,—~>K,—>0
Hr ¢ = Ker(G,— K,)
B=:0->C,>G —>Ci—0
Hr ¢ = Ker(G,— G))

/7 / /
X=:0-6G,~-6G,,—~C,,—0



154 ENRE I 547 %
Hip C, = Ker(Gl,,—> G, ) B, H X-Dpdi (M) =n, W M AFTER I X -T #4597
X TAE A F L Homy (— 2 F) 43 B4 Al 46 1E ¢ :G>M. it K=Ker ¢, MpdiK=n—1.

BH A, X HHRKIESTFI A
- —> Exth (G}, F) - Extp (C},F) —
Exti (K, ,F) = Exti (G}, F) — ==
HPExtx (G, F)=0,i> 0 H2&8H. %
Exti (K, . F)=Extg '(C/.F)
Horp >0 H R e B0 R 2 KT s,
Exty ' (Cl F)Z=Ext; (C,—, . F)
NI}
Extp (C,—, . F)=Exty ' (C; . F)=Ext; (K, . F)
[
Extk(C, . F)=Exti(K,,F)=0
HAEFL 5 A1 Clyeee Ot s K, X T B ATAE.
H=1D FH K, J& X-T G iy L2
X-Dpdi (M) <n
G AR,
EET B MEHAARX-T 854500 R-

ERR Bk X-Dpdg (M) =n, i1 LI AEFE IE A 51
O*’Cn#"'*’CO*’M"Oa/ﬂ\:EP Cz %X*Tﬁ%*ﬁ,
0<<i<<n. X} M AEH I 0 i A7 A2 IE B 5

d,
O_’K/_’Pn—l >P, , — -

Hp K'=Kerd, P, B, 0<i<n—1. 5]
A R, K e X T AL MR XTI R
XL AFERRE Y
e > Q*I s QO s Ql > eee QH - Q' — .-
A IEEY 0-K >-Q —>Q - —>Q ' >G>0,
H G & X-THRMBL,Q BB AHL, K >0 H 2
R TR R F € X, i Homg (— , F) A/ H AR
EA. WILEERE Q—>P, 1, 0<<i<<n—1, fl [
& f:G>M, 3 EnE 8 s,
F RS R T R AR, an &l 9 IR,

—- P, >M—>0

0—> K —» (0 —» Q0" —» --- > O > O > G —»0
I | | | ]
H : | | | | l
v \ v \ v
0—> K —>»P  —>»P  — e —>» P — P —» M —>0
B8 ZE
Fig.8 Commutative diagram
0 > QO > Ql N > Quff > anl . G ‘0
00—l Py - P, > P, ———> M ——>0
B9 Z#E

Fig. 9 Commutative diagram

BAR B 0>Q >Q DP, > —>Q D
Pi—>~GOP,—~M—>0 2IEHFM. % ¢ GDP,—M,F
IE @ & M By X-T 0 WU . o X-T S8k
XFELRIE AL BT L GO P, & X-T e E. o K=
Ker ¢, It LA pde (KD <<n—1, i T X-Dpdx (M) =1,
fipde (KD =n—1. ML X-T#EH# C L Ext, (C7,
F)=0. WX EHS] 0>K—>P,OG—>M—>0,H]
Homg (C" s — ) fE AR IES 1«

0 — Homyz (C'.K) - Homz (C', P, X

Homg (C" ) ,
Homz (C",.M) - 0

I H Homy (C' ) 21 B o 52 M 19 X T 5 7

2
.

B
IR 4 M BEHAAMERX-T R 4500 R-
B, H X-Dpdg (M) = n. 35 /776 5 IE A 5 0>M—
H—>G—>0ffi {3 pdx (H) =n, ] G & X T #% 5.

ERR XF n e AT HIE

# n=0,80 X-Dpdpg (M) =0, M2 X-T#
SERL M X-T S E X, W SR A7 FE 4 OE & 81 0
—M—>H—>G—>0, i H 28568, B L pde CHD
=0.

Fn>0.EM 7T EEIES Y 0> K—>G —
M—0, i G & X-T #4481, K=Ker(G'—~M) A

pdg (KD =n—1. % F X-T G G A7 A5 5 IE 551
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0—>G'—=>P—>G—>0, 1 P EHHH.G = X-T #%4%
e, % B A P L el 10 Frs.

—G—>0

l

—G—0

!

I
CE-—X+—Qe—XRe—O
CE—T +— Y +— xR+

10 ZHE

Fig. 10 Commutative diagram

A pde (K) =n—1, H P 28 48, 7 L
pdr (H)<n.
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