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where 5 < N <7, A? denotes the biharmonic operator, K(x), V(x) are positive

continuous functions which vanish at infinity, and f(u) is only a continuous function.
We prove that the equation has a least energy sign-changing solution by the
minimization argument on the sign-changing Nehari manifold. If, additionally, f is an
odd function, we obtain that equation has infinitely many nontrivial solutions.
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1 Introduction and main results

This article is concerned with the following fourth-order Kirchhoff-type equation:
Ay - (a + b/ |Vu|2dx) Au+ V(x)u=Kx)f(u), xeRN, (1.1)
RN

where 5 < N <7, A? denotes the biharmonic operator, and a, b are positive constants.
When a = 1,b = 0, equation (1.1) becomes the following fourth-order equation (replace
RN with Q):

Au—Au+Vx)u=f(x,u), xe (1.2)

where € is an open subset of RN. There are many results focused on the existence, multi-
plicity, and concentration of solutions to problem (1.2), see for instance [12, 13, 45, 48, 53—
55, 58, 59] and the references therein.
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Problem (1.1) stems from the following Kirchhoff equation:

Azu—(a+b/ |Vu|2dx>Au:f(x,u), x € Q, (1.3)
Q

where 2 c RV is a bounded domain, a,b > 0.

Problem (1.3) comes from the following equation:

Uy — ANy — <u+b/ |Vu|2dx>Au =f(x,u), x€. (1.4)
Q

Because equation (1.4) is regarded as a good approximation for describing nonlinear vi-
brations of beams or plates, it is used to describe some phenomena that appear in different
physical, engineering, and other sciences [5, 9].

Since it involves (fRN |Vu|? dx) Au or (fQ |Vu|? dx) Au, problem (1.1) or (1.3) has become
particularly interesting. By means of the fixed point theorems or variational approach, Ma
[26-28] discussed positive solutions (or solutions) for problems similar to problem (1.3)
when N = 1. When N > 2, there have been many papers about solutions to problem (1.1) or
(1.3), see, for example, [4, 29, 36, 44, 46, 50—52]. However, except [21, 57], there are very few
papers considering sign-changing solutions. By combining constraint variation methods
and deformation lemma, Zhang et al. [57] studied sign-changing solution to problem (1.1)
when K(x) = 1. When K(x) = 1 and f(u) = |ulP~2u,4 < p < 2, (2, defined below), by the
minimization argument on the sign-changing Nehari manifold, Khoutir and Chen [21]
discussed sign-changing solution to problem (1.1).

It is noticed that in the past decades many mathematicians have paid much of their
attention to nonlocal problems. The appearance of nonlocal terms in the equations not
only marks their importance in many physical applications but also causes some difficul-
ties and challenges from a mathematical point of view. Certainly, this fact makes the study
of nonlocal problems particularly interesting. In addition to the equations of Kirchhoff
type, there are also some nonlocal problems, such as Schrodinger—Poisson systems, equa-
tions with the fractional Laplacian operator, and so on. Especially, these days there is a
good trend of existence of solutions for fractional-order differential equations which are
definitely the generalized study [1, 2, 15-20, 22, 32, 33].

Throughout this paper, as in [3], we say that (V,K) € K if continuous functions V,K :
RN — R satisfy the following conditions:

(VKy) V(x),K(x)> 0 forall x e RN and K € L®(RN).

(VK1) If{A,}, C RN isa sequence of Borel sets such that |A,,| < R forall # € N and some

R >0, then

lim K(x)=0 uniformlyinneN.
r—+00 Antg(O)

One of the following conditions occurs:
(VKy) K/V e L®(RYN);
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or
(VK3) Thereis p € (2,2,) such that
K(x)

72*%%0 as |x| — 00,
|V (x)] 22

where 2, = % is the critical Sobolev exponent.
As for the function f, we assume f € C(R,R) and satisfies the following condi-

tions:
(f)
f) = 0(|t|3) as t — 0 if (VK3) holds.
()
. ) .
limsu < +00, if (VK3) holds.
o 1P VK

(f3) f has a “quasicritical growth’, that is,

. f(@)
1 =0.
oo (g2t

(fa) im0 % = +00, where F(t) = fotf(s) ds.
(fs) Jlrt(—g is an increasing function of £ € R\{0}.
Let

A= {ueDl'z(RN):/ V(x)uzdx<oo}
RN

be a Banach space endowed with the norm [|u||4 := (fpn (IVul* + V(x)u?) dx)?.
It follows from (V, K) € K that the space B given by

B:= {u e D**(RN) :/}R

N

V(x)u? dx < oo}
with
1

llull g := </RN(|A”|2 + V(x)u®) dx) i

is compactly embedded into the weighted Lebesgue space L(IZ((RN ) for some g € (2,2,) (see
Proposition 2.2), where L% (RY) given by

LY (RN) := {u :RY — R | u is measurable and K(x)|ul|?dx < oo}

RN

with

1/q
il o= (/ 1<(x>|u|qu> .
IRN
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In this paper, we discuss our problem on the space

E- {u e D'2(RN) N DP2(RY) - /R

N

V(x)u? dx < oo}.
So, it is easy to see that E is a Hilbert space. Furthermore,
(u,v) = / (AMAV +aVu-Vv+ V(x)uv) dx, lu] = (u, u)%.
RN

For problem (1.1), the energy functional is given by

1 b 2
I,(u) = —/ (1Aul® + alVul” + V(x)u?) dx + —(f |Vu|2dx>
2 RN 4 RN

—/ Kx)F(u)dx, uceE,
RN

where F(u) = [, f(¢) dt.
It follows from the conditions of this paper that (1) belongs to C* and

(1), v) = / (AuAv+aVu-Vv+ V(x)uv) dx
RN

+ b(/ |Vu|2dx) </ Vu- Vvdx) —/ K(x)f (u)vdx
RN RN RN

for any u,v € E.

The solution of problem (1.1) is the critical point of the functional I, (). Furthermore,
we say that u is a sign-changing solution if u € E is a solution to problem (1.1) and u* #0,
where u* = max{u(x), 0}, u~ = min{u(x), 0}.

As pointed out in the article, since the nonlocal term ( f]RN |Vu|? dx) Au is involved, there
is an essential difference between problem (1.1) and problem (1.2) when we discussed the
existence of sign-changing solutions, see [6-8, 10, 25, 37, 61].

Therefore, to study sign-changing solutions for problem (1.1), as in [6, 7, 10], we first

obtain a minimizer of I; over the constraint
M ={ueE,u* #0and (I,(u),u’) = (I,(u),u”) = 0}.

The rest is to prove that the minimizer is a sign-changing solution of problem (1.1). It
is noticed that there are some interesting results, for example, [11, 14, 23, 24, 30, 31, 34,
35, 38—43, 47, 56, 60], which considered sign-changing solutions for other nonlocal prob-
lems.

The main result can be stated as follows.

Theorem 1.1 Suppose that (V,K) € K and (f1)—(fs) are satisfied. Then problem (1.1) has
a least energy sign-changing solution u in E. If, additionally, f is an odd function, then

problem (1.1) has infinitely many nontrivial solutions.
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Remark 1.1 In this paper, the potential V' vanishing at infinity means

lim V(x)=0,

|%|—+00
which is also used to characterize one problem as zero mass.

The rest of this paper proceeds as follows. Sections 2 and 3 are devoted to our variational
setting, and necessary lemmas are shown and proved, which shall be used in the proof of

our main results in Sect. 4.

2 The variational framework and preliminary results

Proposition 2.1 ([13]) Assume (V,K) € K. If (VK3) holds, then B is continuously embed-
ded in LL(RN) for every q € [2,2.]; if (VK3) holds, then B is continuously embedded in
L (RN).

Proposition 2.2 ([13]) Assume (V,K) € K. If (VK;) holds, then B is compactly embedded
in LL(RN) for every q € (2,2.); if (VK3) holds, then B is compactly embedded in L}, (RN).

Remark 2.1 Since E is continuously embedded in B, it is easy to see that Proposition 2.1
and Proposition 2.2 also hold if B is replaced with E.

Lemma 2.1 ([13]) Suppose that (V,K) € K and (f1)—(f2) are satisfied. Let {v,} be a se-
quence such that v, — v in E. Then

f KF(v,)dx — / KF(v) dx,/ Kf(v,)v,dx — f Kf (v)vdx.
RN RN RN RN
Lemma 2.2 Assume that (V,K) € K and (f1)—(fs) hold. Then, for any u € E\{0},

limf I(f(i.‘u)u=Oo
]RN

|t]—>o00 3

Proof The proof is similar to that of Lemma 2.4 in [24], so we omit it here. O
Similarly, we have the following results.

Lemma 2.3 Assume that (V,K) € K and (f1)—(f5) hold. Then, for any u € E\{0},

_ / KF(tu)
lim =00
[t|—>00 JrN 4

Lemma 2.4 Assume that (V,K) € K and (f1)—(f5) hold. Then, for any u € E\{0},

lim / Kfwu _,
IRN

t—0 t

Let

N = {u € E\{0} : (I;(w), u) = 0}.
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The following results are very important, because they allow us to overcome the non-
differentiability of A/ (see Lemma 2.5(iii)).

Lemma 2.5 Assume that (V,K) € K and (f;)—(fs) hold. If u € E with u™ #0, then
(i) Foreachu e E\{0}, let h, : R, — R be defined by h,(t) = I(tu). Then there is unique
t, > 0 such that ,(t) > 0 in (0, t,) and K,(t) < 0 in (¢,,00).

(i) There is T > 0 independent of u such that t, > t for all u € S, which is the unit
sphere on E. Moreover, for each compact set Q C S, there is Cq > 0 such that t,, < Cq
forallu e Q.

(ili) The map m : E\{0} — N given by m(u) = t,u is continuous and m := g is a
homeomorphism between S and N'. Moreover, m™(u) = u/||u].

Proof If (VK;) holds. From (f;) and (f3), for any € > 0, there exists C, > 0 such that

V(s)} <eg|s|+ Cols|>*7, seR. (2.1)
So,
1., bt
Iy(tu) = = ||tu]|* + — |Vu|? dx K(x)F tu) dx
2 4 R
£ bt 2.2 2 2
> —|lul|“+ — |Vu| dx K (w)t°u”dx - C, K(x)t> u™ dx
2 4' RN
1 bt >
> (— —8|K/V|oo)t llu? + —(/ |Vu|2dx> — C,|K | oot ||u]|*. (2.2)
2 4 RN

Lete < %/ |K/V |, there is to > 0 sufficiently small such that
h,(t) = I,(tu) >0, Vt<i. (2.3)

If (VK3) holds. According to arguments in [13], there is C, > 0 such that, for given ¢ €
(0,C,), there exists L > 0 satisfying

f K|M|pdx§8/ [VIul® + [u**]dx, ueE. (2.4)
{a:lx| =L}

{x:lx| =L}

So, it follows from (f;) and (f3) that

£ bt* 2
Iy (tu) > —||u||2+—(/ |Vu|2dx> —Cltp/ K(x)updx—Cztz*f K(x)|u|* dx.
2 4 RN RN

RN
According to (2.4), Holder’s inequality, and (VKj), one has that

4

£ bt >
I(tu) > — ||lu|®> + —</ |Vu|2dx) - Clstp/ C(V(x)u2 + |u|2*)dx
2 4 RN B(0)

P
2%
—CiP|K]| 2, </ uz*dx> - G|K]| tz*/ u® dx
725 (Br(0)) 5.0 00 RN
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4

t2 ) bt 9 2 5 _ 2% 2
> S llul®+ — / [Vul*dx ) — ColKloot™Cy,” [lull™
2 4 RN

2 4

2 2 2 ~32
= Cuellull +£Co.* ull> + G K| 2
i

ariopl#17)2” (2.5)

Since p > 2 and 2, > 2, we have that (2.3) also holds.
On the other hand, thanks to F(s) > 0,Vs € R, we get

1., bt 2\
Iy(tu) < —||tu]]* + — / |Vu|” dx —/1((x)F(tu)dx,
2 4 RN D

where D C suppu is a measurable set with finite and positive measures.
Hence, by combining Fatou’s lemma and (f3), one has

. p(tu) _ . b
lim sup 7 = limsup —0o + ——
t—oo [l2u]| t—oo 2ltull*  4lltul|

o F(tu) u \*
‘l‘thé‘Jf{/DK(’“)[||tu||‘*]<M) }

— —00. (2.6)

So, there is %, > 0 sufficiently large so that
B, (8) = I(tu) >0, Vt>T. (2.7)

Therefore, by the continuity of /4, and (f;), there is ¢, > 0 which is a maximum global
point of &, with t,u € N.

We assert that ¢, is the unique critical point of 4,. In fact, suppose, by contradiction,
that there are #; > £, > 0 such that /), (¢;) = %, (£;) = 0. Then

1 1 _ 1 / K(x) |:f(t1u) f(tau) i|u4 dx >0, (2.8)
RN

> — -
el Neaul®  flul* leul®  ltaul?

which is absurd.
Next, we prove (ii).
For any u € S, according to (i), there exists ¢, > 0 such that

2
t3||u||2+bt3( / |Vu|2dx) - / K)f (tutt)tuts d.
RN RN

By (2.1), we have that

2
t5||u||25t5||u||2+bt;‘:</ |Vu|2dx) :/ K@) (tu)t,u dx
RN RN
s/ K(x)[eltuul® + Cslt,ul> ] dx
RN
<ety| KV el + £ CollK [l oo 2] > (2.9)

So, there exists 7 > 0, independent of 1, such that £, > 7.
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On the other hand, let Q C S be compact. Suppose that there exist {u,} C Q,u € Q such
that ¢, := ¢, = 00, u, — uin E. So, it follows from (2.6) that

Iy(t,u,) — —00  inR. (2.10)
According to (fs), we obtain that
fBt-4F(@) =0 (2.11)

is increasing when ¢ > 0 and decreasing when ¢ < 0. Hence we have, for each u € , that

1y(w) = 1) ~ {13,

= i”u”z + i /R N K@) (f (u)u — 4F (u)) dx > 0. (2.12)

Thanks to {t,,u,} C N, replaced u with ¢,,u, in (2.12), from (2.10) we have a contradic-
tion. Therefore, (ii) holds.

Finally, we prove (iii). We assert that 1, i1, m™' are well defined. Indeed, for each u €
E\{0}, by (i), there is unique m(u) € N'. If u € N, then u #0, it is easy to see that m ™! (u) =
u/|u|| € S. So, m~! is well defined. Furthermore, we have that

1

m_l(m(u)) =m(t,u) = Py u, Yues,
m(m_l(u)) = m(—> = t(L)l— =u, YuelN.

Hence, m is bijective and m~! is continuous.
In what follows, we prove 7 : E\{0} — A is continuous. Suppose {u,} C E\{0} and u €
E\{0} such that %, — u in E. According to (ii), there is Z, > 0 such that ||u,||t,, =t w ) —

lunll

to. So, we have ¢, — ||t70|| =:7y. Thanks to ty,Un € N, one has that

2
t§n||u,,||2+btin( / IVun|2dx> = / K )f (£, )t thn .
RN RN

From the above equality, let # — oo, one has that

2
?§||u||2+b’fg(/ |Vu|2dx> =/ K@)f (fou)tou dx,
RN RN

which indicates that (to/|u|)u € N and t, = ty/||u||. Therefore, #i(u,) — #i(u). So, the
proof is completed. 0

Deﬁne@:E—)RandW:S—ﬂRby
U(u) = (M) and W:=T|s.

By Lemma 2.5 and the result from [37], one has the following.

Page 8 of 22
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Proposition 2.3 Assume that (V,K) € K and (f;)—(f5) hold, then
(i) W e CHE\ {0}, R) and

)|

(@,(u), v) =

i G(G). ) Vi E\ (0} and W E.

(ii) ¥ € CY(S,R) and
(W' (w),v) = |m@)||(1,(mw)),v), VveT,S.

(iii) If u, is a (PS)q4 sequence for W, then m(u,) is a (PS)4 sequence for I. If u, C N is a
bounded (PS), sequence for I, then m™(u,,) is a (PS), sequence for V.
(iv) u is a critical point of V if, and only if, m(u) is a nontrivial critical point of I,. More-

over, corresponding critical values coincide and
inf ¥ =inf 1.
S N

Proposition 2.4 If (f;)—(fs) hold, then

:= inf I(u) = inf Ip(tu) = inf Iy(tu) > 0. 2.13
= )= o g b6 = L ) > 219

3 Technical lemmas
For u € E with u® #0, let ¢, (s, £) := I,(su* + tu~),s > 0, > 0.

Lemma 3.1 Assume that (V,K) € K and (f,)—-(fs) hold. If u € E with u* #0, then
(i) the pair (s,t) of a critical point of ¢, (s, t) with s,t > 0 ifand only if su* + tu™ € M,
(i) the map ¢,(s,t) has a unique critical point (s,,t_), with s, =s,(u) >0 and
t_=t_(u) >0, which is the unique maximum point of ¢,(s, t).
(i) The maps a,(r) = i’%(r, t)rand a_(r) = a(,;p;‘ (84,7)r are such that o, (r) > 0 if
re(0,s,), a_(r)>0ifre(0,t.), o, (r) <0 if r € (s4,00), and a_(r) < 0 if r € (£, 00).

Proof 1t is easy to see that
Veu(s,t) = (I (s + w7 ), u*), (I (su™ + tu™), u”))
= <%(I;(su+ +tu”),su’), %(I;;(Sl,f + tu‘),tu‘))
- (60, 3n60)
where

2
ats) = o5t ([ o) voee( [ v ax)( [ [vurfax)
RN RN RN

—/ K(x)f(su*)sfdx, (3.1)
RN

2
h“(s't):t2||”_||2+bt4</ |VM_|2dx> +b32t2</ |Vu+|2dx)(/ |Vu‘|2dx>
RN RN RN

Page 9 of 22
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- / K(x)f(tu‘)tu_ dx. (3.2)
RN
Hence, item (i) is obvious.
In the following, we prove (ii). Firstly, we assert that M # . By (i), we only prove the

existence of a critical point of ¢,(s, ). Let u € E with u® # 0 and £, > 0 fixed, it follows
from (3.1) that

2
a0 =5 (Ju oot ([ Jvwfae) woi([ (e Pas)( [ v Pas)
[ Ko )
RN s ’
& o\ b . )
=B o () o)

_f K@x)f (su*)u* dx).
RN $3

Together with Lemma 2.4 and Lemma 2.2, one gets

gu(s,6) >0 for s small enough; g, (s, ) < O for s large enough.
Since g,(s, ) is continuous, there exists so > 0 such that g,(so, o) = 0. We assert that so

is unique. In fact, supposing by contradiction, there exist 0 < s; < s, such that g,(s1, %) =
gu(82,89) = 0, and then we have

2
s§||u+||2+bs§f(/ |w|2dx) +bs§tg</ |w|2dx></ |Vu‘|2dx>
RN RN RN

:/ K@)f (s1u*)s1u* dx,
RN

2
s§||u+||2+bsg(/RN|W|2dx) +bs§t§</RN|Vu*|2dx)<‘/RN|Vu|2dx>
:/ K@)f (s1u*)s1u* dx.
RN

So,

11
(g—S—%)[”u*”z+bt§(/RN|Vu*|2dx)(/RN|Vu|2dx):|

_ flsu®)  flsu®)], 4

_/]RNK(JC)|:(SW+)3 - (s2u+)3](u ) dx.

Therefore, it follows from (f5) and 0 < s; < s, that we have a contradiction. That is, there

exists unique sp > 0 such that g, (s, to) = 0.

Let ¢ () := s(t), where s(¢) satisfies the properties just mentioned previously, with ¢ in
the place of #5. Then the map ¢; : R, — (0, 00) is well defined.

By definition, one has that aa";" (¢1(2),t) = 0t > 0. Then

2
e (@)]ut| + b¢1(t)3</RN|w+|2dx> + by () </RN|Vu*|2dx> (/RNWu-de)
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= / K@)f (¢1(O)u*)u” dax, t > 0. (3.3)
RN

We assert that ¢ (¢) has some good properties.

(1) ¢1(¢) is continuous. To this end, let ¢, — £ as n — 0o and suppose, by contradiction,
that there is a subsequence, still denoted by ¢, such that ¢, (¢,) — oc.

Obviously, ¢1(t,) > t, for n large enough. According to (3.3), one has that

llt]|? ( 2 )2 bt> ( 2 )( i )
b \Y d \Y d \Y d
ATAE fm' wlde )+ /RN| | dx /RN‘ w | ds

_ f(or(E)u®)  \a
= /RN K(x)i(zpl(tn)u*)i‘ (u*)" dx. (34)

In view of Lemma 2.2, we have a contradiction. So ¢1(¢,) is bounded. Therefore, there

exists so > 0 such that, passing to a subsequence,
#1(t:) — so. (3.5)

Combining (3.3) with (3.5), we have that

2
so||u+||2+bsg(/ |W|2dx) +bsot§</ |Vu*|2dx>(/ |Vu‘|2dx>
RN RN RN

- / K@)f (sou*)u” dx,
RN

that is,

0
P (S0, t0) = 0.
as
Consequently, so = ¢1(%o). That is, ¢; is continuous.
(2) ¢1(2) > 0. Suppose, by contradiction, that there is a sequence {£,} such that ¢, (¢,) —
0+ as n — 00. In view of (3.3) and Lemma 2.4, we have

Ju < tim
n—0o0

/ K@)f (91 (&) )u”
RN

d =V,
61(6) *¥=0

which is absurd, and hence there is C > 0 such that ¢, (¢) > C.

(3) ¢1(2) < ¢ for t large. Indeed, if there exists a sequence {t,} with £, — oo such that
¢1(t,) > t, for all n € N, then arguing as in (3.4), we have a contradiction. Thus, ¢;(¢) < ¢
for t large.

Similarly, according to definition of /,(s, £), we can define a map ¢, : R, — (0,00) by
¢a2(s) = t(s) satisfying (1), (2), and (3).

By (3), there exists C; > 0 such that ¢; (t) < t and ¢, (s) < srespectively when t,s > C;. Let
C, = max{maxejo,c,] ¢1(t), maxsep,c;] P2(5)}, C = max{Cj, C,}, define T': [0,C] x [0,C] —
R? by

T(s,2) = (¢1(0), $2(s)).-

Page 11 of 22
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It is easy to see that T'(s,£) € [0, C] x [0, C] for all (s,£) € [0, C] x [0, C]. Since T is con-
tinuous, using the Brouwer fixed point theorem, there exists (s, ¢_) € [0, C] x [0, C] such
that

(¢1(t7)¢¢2(5+)) = (S+,t,). (36)
It follows from ¢; > 0 that s,,¢_ > 0. According to the definition, we have

0y 0y
ot )= ——(s,t)=0.
% (s4,2-) ” (s4,2-)

We next shall prove the uniqueness of s,, ¢_. Suppose that w € M, one has

30, 30,
Voo (1,1) = (%(1, D=2, 1))
= ((IZ,(w* + w‘),w*), <1,’, (a)* + a)‘),a)‘))

= (0’ 0);

which shows that (1,1) is a critical point of ¢,. Now, we need to prove that (1,1) is the
unique critical point of ¢, with positive coordinates. Let (so, fy) be a critical point of ¢,

such that 0 < sg < ty. So, one has that

2
sg”w+”2+bsg(/RN|vm+|2dx) +bsgtg(fRN|Vw+}2dx)(/RNyva)—fdx)

=f Kx)f (sow*)sow” dx (3.7)
RN
and
2
t§||a)||2+btg<fRN|Vw|2dx) +bsgtg(fRN|Vw+¢2dx)(/RN|w)|2dx)
= f K@)f (tow™)tow™ dx. (3.8)
RN

Thanks to 0 < sy < ¢y and (3.8), we have that

—n2 2
") +b</ |Va)|2dx> +b(/ |Va)*|2dx)(f |Vw|2dx>
4 RN RN RN
ftow )], _\a
K — dx. 3.9
z/RN (x)[(tow_)g (o) dx (3.9)
On the other hand, for w € M, we have

o +b(/RN}Vw‘]2dx>2 +b</RN\Vw+|2dx) (/RN\WM)

- / K(x) [f (”)] ()" dx. (3.10)
RN

(@)
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Combining (3.9) with (3.10), one has that

1 - ftow™) flo7)], _
(% - 1) ”a) ”2 = ‘/H;NI<(x)|:(t()Z)w)3 B (60)3:|(w )4dx

If £, > 1, the left-hand side of the above inequality is negative, which is absurd because the

right-hand side is positive by condition (fs). Therefore, we obtain that 0 < sy < ¢, < 1.
Similarly, by (3.7) and 0 < sp < £y, we get

1 ) flsow®)  fl@*)], ,\a
(%_Q lot | < /R NI((x)[ - (w+)3](w) dsx,

and from (f5) this is absurd. Therefore, we have sy > 1. Consequently, so = #, = 1, which

indicates that (1, 1) is the unique critical point of ¢,, with positive coordinates.
Letu € E, u* #0and (s1,4), (s, ) be the critical points of ¢, with positive coordinates.
In view of (i), one has that

w1 = lef +hLu € M, wy = 82M+ + hu € M.

So,

S t S t
Wy = 2 siut + 2 hu = 2ot + (2 )or e M.
1 1
S1 151 81 h

It follows from w; € E and " # 0 that (i—f, %) is a critical point of the map ¢,,, with positive

coordinates. Thanks to w; € M, one has that

s L
2-2.1
S1 t
Hence, 51 = s, t1 = £5.
Now, we prove that the unique critical point is the unique maximum point of ¢,. In fact,
using Lemma 2.3, we have that

(pu(S’ t) — —00, (S; t)’ — OQ.

Hence, the maximum point of ¢, (s, £) cannot be achieved on the boundary of (R, x R,).
Without loss of generality, we may assume that (0, £) is a maximum point of ¢,(s, t). But,

according to Lemma 2.4, it is obvious that

o8 bs* >
Ouls,t) = %”u*” + %(/H%N|Vu+|2dx) —ANK(x)F(su*)dx

bt*

[ I .
+§||u ||+T</RN|VM | dx) —/D;NK(x)F(tu )dx

+ éf?(/ ’Vu+|2dx> (/ |Vu|2dx>
2 ]RN RN

is an increasing function with respect to s if s is small enough. Hence, (0, ) is not a maxi-
mum point of ¢ in R, x R,.
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Finally, we prove (iii). From (i) of Lemma 2.5, we get Yu(rt)>0if re(0,s,) and

as
%Ls"(sﬂt,) =0 and %—‘f(r, t_) <0ifr € (t_,00). Therefore, @, and o_ have the same behav-

ior. O
Lemma 3.2 If{u,} € M and u,, — u in E, then u € E*.

Proof For any v € M, we have that
2
||vj[||2 <|v* ||2 +b(/ |Vvi|2dx> +b(/ |Vv*|2dx> (/ |Vv‘|2dx)
RN RN RN
= / K(x)f(v*)v+ dx. (3.11)
RN
Similar to (2.9), we obtain that there is T > 0 such that
v | =<, ¥YveM. (3.12)
So, if {u,,} C M, we have
% < |uy ||2 < f K@)f (uy)u; dx, VneN. (3.13)
RN
Combining u,, — u in E with Proposition 2.2, we have
l< / I((x)f(ui)ujE dx, (3.14)
RN

which shows that u € E*. O

Next, we consider the following minimization problem:

m :=inf{I,(u) : u € M}. (3.15)
We claim
m > 2cp. (3.16)

In fact, since M C N, we have m > c;,. On the other hand, for any v € M, according to (i)
of Lemma 2.5, there exist positive constants s, and _ such that s, v*,z_v~ € . Therefore,

from (i) and (ii) of Lemma 3.1, we have

IL,(v) > Ib(s+v+ + t_v_)
> Ih(erv*) + Ib(t,v_)

> 2¢p, Vv € M.

Lemma 3.3 Assume that (V,K) € K and (f1)—(fs) hold, then m is achieved.
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Proof Let {u,} be a sequence in M such that
Ip(u,) — m. (3.17)

We will show that «,, is bounded in E. In fact, suppose that there exists a subsequence
that we still call u,, such that

|t || = o0. (3.18)
Now, we define v, := u,/| u,|| for all n € N. So, there exists v € E such that

v,—v inE. (3.19)
From Proposition 2.2, we conclude that, up to a subsequence,

Vu(x) = v(x) a.e. in RV, (3.20)

Using (i) of Lemma 3.1, it follows from {u,} C M that s, (v,,) = t_(v,;) = ||u»||. Therefore,
using (i) of Lemma 3.1 again, we obtain

£2 be)* 2
I(unllve) = 1(tvy) = 5||Vn||2 + %(/RN |VVn|2dx>

- / Kx)F(tv,)dx, Vt>0,neN. (3.21)
RN

Let ¢ > 1 in (3.21), we have that

ﬁ 2 b 2 ?
I(u,) > 5 <||v,,|| + 5 (/]RN [V, dx) ) _/]RN K(x)F(tv,)dx, VneN. (3.22)

Suppose that v = 0. Hence, from (3.19) and Lemma 2.1 we have
/ KE(tv,)dx — 0, ¥t>O0. (3.23)
RN

By (3.17) and (3.23), passing to the limit as # — 0o in (3.22), we have that

£ b 2
m> — lim (||v,q||2 + —(/ |Vv,,|2dx> ) Vi> 1. (3.24)
2 n—oo 2 RN

Thanks to ||v,|| = 1, there exists a constant ¢y > 0 such that

2
m > an, Vt>1.

So, we have a contradiction. Hence, v # 0.
On the other hand, we get

I(u,) 1 b ( / ) >2 / F(u,)
= + Vu,|“dx) — K(x) dx
luall* 20uall®  4llunl|* \Jry Vil RN flzn1*
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1 b F(ulunll) 4
< + = - K@x)———v, dx. (3.25)
2””71”2 4 /I‘RN (Vn”un“)4

Thanks to v # 0, by using Lemma 2.3, we get

/ I<(x)F(vn||unll)V4dx_) oo, (3.26)
RN

A "

Therefore, by (3.17), (3.18), and (3.26), passing to the limit as # — 00 in (3.25), we have
a contradiction.

Hence, we deduce that {u,} is bounded in E. Therefore, there exists u# € E such that

Uy — w,us — ut.

From Lemma 3.2, we have that u € E*. So, according to Lemma 3.1, there exist s,,£_ > 0
such that
s,ut +tu” e M. (3.27)
We assert that

0<s,, t.<1. (3.28)

In fact, according to Lemma 2.1, one has that

/ Kf(uf)uf dx — / Kf(uﬂt)ui dx, (3.29)
RN RN

/ KF ((un)*) dx — / KF((u)*) dx. (3.30)
RN RN

Since u, — u in E, combining the continuous embedding E < D2(R¥) with the weak

. L 1
semicontinuity of the norm ||| p12 = (fRN |Vu|?dx)2, we have

liminf(/ |Vu,,|2dx>z/ |Vu|* dx, (3.31)
n— 00 RN RN

liminf< / \wﬂ%m)z / Vit | dax. (3.32)
n—00 RN RN

Thanks to {u,} C M, using (3.29), (3.32), and weak semicontinuity of the norm in E, we
have

(1), w*) < lim inf{7; (1), ;) = 0. (3.33)

Suppose that 0 < s, <¢_, then from (3.27) we have that

(e (L) e ) o )

Seu)],
_ /R ) 1<(x)[(tu_)3](u )" dx. (334)
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By (3.33), we have that

Pk +b</l;N|Vu‘|2dx>2 +b</l;N|Vu+|2dx) (/RN\W—W)

f(u) _\4
< /RN K(x)[(u_)g](u ) dx. (3.35)

Combining (3.34) with (3.35), we have that

(tlz _ 1) Pk +b[(%)2_ 1] (/RNywwzdx) (/Rqu—\zdx)
> /R . K(x)['ég L(,L—[;S) —J(:(tb_‘;s) ] (u)" dx.

From the above inequality and (f;), we have that 0 < t_ < 1.

Now, we prove that I(s,u* + t_u~) = m.
Denoting i := su* + tu~. So, from (2.11), (3.27), (3.29), (3.30), and Fatou’s lemma, we
have that

= 1)~ (1@, )
= %LHL?H2 + %L/RN K(x)[f ()i — 4F (i) | dx
= 1(”ELK' H2 + | Eu ”2) + 1/ K(x)[f (5u")(su") — 4F(u™ | dx
- 4 4 RN
1 . N\(7..— -
‘3 /R K@ @) ()~ 4F ()] dn

< £—1L||u||2 + ZlL/RN K(@)[f (w)u — 4F (u)] dx

n— 00

1
< liminf|:1h(u,,) - E(I;(un),un)]
=m.
Consequently, 5 = £ = 1. Thus, # = u and I(x) = m. O

4 The proof of the main results
In this section, we prove Theorem 1.1.

Proof First, we prove that the minimizer u for (3.15) is indeed a sign-changing solution of
problem (1.1). If I; (1) # 0, then there exist § > 0 and 6 > 0 such that

||II/J(V)|| >0 forall ||v—ul| <36.

Choose o € (0, min{1/2, m}). LetQ:=(1-0,1+0)x(1-0,1+0)and y(s,£) = su* +
tu~, (s, t) € Q. It follows from Lemma 3.1 that

m:=maxl,oy <m. (4.1)
aQ
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For ¢ := min{(m — m)/2,05/8} and S5 := B(u, §), according to Lemma 2.3 in [49], there is
a deformation 1 € C([0,1] x E, E) such that

(@) n(t,v)=vifve I ([m—2e,m+26] N Sps);

(b) n(L ™ N Sy) C I

(¢) I(n(1,v)) < Ip(v) forall v € E;

(d) Int,v)—v| <éforallveE,tel0,1].

Firstly, we need to prove that

max I,(n(1,y(s,1))) < m. (4.2)
(s,0)e

In fact, it follows from Lemma 3.1 that I,(y (s, £)) < m < m + ¢. That is,
v(s,t) e I"*e.
On the other hand, we have

”y(s,t) —qu = H(s— Du* +(t-1)u ”
<2(6 =Dt |+ e -0 [)

<20 ||u||? < 82,

which shows that y (s, ) € S for all (s, £) € Q.

Therefore, according to (b), we have I,(n(1,y (s, £))) < m — ¢. Hence, (4.2) holds.

In the following, we prove that n(1, y (2)) N M # &, which contradicts the definition of
m.
Let &(s, £) := n(1, v (s, £)) and

Yols,t) := ((Ig(y(s, 1)),su+), (Il’,(y(l, 1), tu‘)) = ((I;(su+ + u‘),su+>, (Ig(u+ +tu”), tu‘)),

Yi(s,) = (%(I,Q(g(s, D), (€6, 0)"), %(1;9(5(1,;:)), (s(l,t))->>.

According to (iii) of Lemma 3.1, the C! function ¢, (s) = ¢,(s, 1) has a unique global
maximum point s* = 1 (note that s¢/ (s) = I'(y (s, 1))su*). According to density, given & > 0
small enough, there exists ¢, . € C*([1 — 0,1 + o]) satisfying [, — ¢, ¢llco(i-0,1+0]) < €
with s* = 1 being the unique maximum global point of ¢, . in [1 —o,1 + o]. Hence, |l¢, —
@rellce(i-0,140]) < & ¢, (1) = 0and ¢ (1) < 0. Similarly, there exists ¢_, € C*([1-0,1+
o) satisfying [[¢_ — @_cllcoo(1-0,1407) < & ¢ (1) =0 and ¢” (1) < 0, where ¢_(£) = @,(1,1).

Let T, € C*(L2) be defined by Y.(s, ) = (s¢, .(s), tp_ .(¢)). Then we get || Te — Yollc(e) <
%, (0,0) ¢ Y:(0%2), and (0,0) is a regular value of Y, in €. On the other hand, (1,1) is
the unique solution of equation Y, (Z,s) = (0,0) in 2. By using Brouwer’s degree, for ¢ small
enough, we have

deg(Yo, 2,(0,0)) = deg(, 2, (0,0)) = sgnJac(:)(1,1).
From

Jac(Y)(1,1) = [¢, (1) + 9L (D] x [0/ (1) +¢” (1)] = 9] (1) x ¢ (1) >0,
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one has

deg(Yo,£2,(0,0)) = sgn[e], (1) x ¢”,(1)] =1, (4.3)

where Jac(Y,) is the Jacobian determinant of Y, and sgn denotes the sign function.
On the other hand, according to (4.2), one has

" <m-2¢, V(ts)€d. (4.4)

I(g(s,t)) << ar
Combining (4.4) with item (a), we have that y = & on 2. Therefore, Y; = Yo on 92 and
deg (1,2, (0,0)) = deg(Y0o,2,(0,0)) = 1. (4.5)

Therefore, we have Y (s, £) = (0,0) for some (¢,s) € Q.
We claim that

If (4.6) holds, by (1,1) € 2, we have that £(1,1) = n(1, y(1,1)) € M, this is n(1, y(2)) N
M+AD.

In what follows, we prove (4.6). If the zero (£,s) of Y} obtained above is equal to (1,1),
there is nothing to do. If (s, t) # (1,1), let §; = max{|¢ — 1|, |s— 1]}, 21 = (1 -81/2,1 +8,/2) x
(1-61/2,1 4 681/2). So, (s,£) € Q\2; and for getting (s1,%) € ©; such that Yi(s1,) =0,
we just repeat for Q; as used in Q. If (s3,#1) = (1,1), there is nothing to do. Otherwise,
we can continue with the argument and find in the nth step that (4.6) holds, or produce a
sequence (s,, t,) which converges to (1, 1) such that Yy (s,, £,) and (s,, £,) € 2,1\ 2, for all
n € N with Q¢ = Q. Let n — 0o and, using the continuity of Y;, we have that (4.6) holds.
That is,

n(Ly(1,1) =£(1,1) e M.

So, we obtain that u := u* + u~ is a critical point of I, that is, a sign-changing solution
for problem (1.1).

Furthermore, if f is 0dd, the functional W is even. Now we prove that W satisfies the (PS)
condition. From (2.4) and (3.16), we have that W is bounded from below in S. Suppose that
{u,} C Sisa(PS), sequence of ¥, according to (iii) of Lemma 2.3, we know {v,, := m(u,)} C
N isa (PS), sequence of I, on N. Through the standard agrement at the beginning of this
section, we know that v, is bounded in E. So, there exists nonzero v € E such that

Vy,—7Vv inkE, vy — v ae inRVY,

Therefore, we have that

U _r _ — _ 2 2 . _
(I vn) =1I'(v), v, v) v = +b(/RN [V, dx) (AN Vv, Vv, V)dx)
- / K@)f (vi) (v —v) dx + / K@x)f(v)(v, —v)dx
RN RN
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=0,(1). (4.7)

According to Lemma 2.1, we have that

/ Kf(v,)v, dx — / Kf(v)vdx.
RN RN
We claim that

/ Kf(v,)vdx — Kf(v)vdx. (4.8)
RN RN

In fact, if (VK3) holds, since

VK@Y W) xmen|” < V)2,

where x is a character function. Hence {v/K(x)f (V) X{jv,<1);} is bounded in L*(RY).
Similarly, we have /K (x)v € L2(RY). So, from v,, — va.e. in RN, we can get

f I{f(v,,))(“‘,nfmvdx — / I(f(V)X{IVSI\}de' (49)
RN RN

2%
On the other hand, since |Kf (v,,) X(,>11 21 < Cv** and v, — v a.e. on RY, we get

/ I{f(vn))({|vn21”vdx—> / [(f(V)X{lvzl\}de~ (410)
RN RN

If (VK3) holds, according to Proposition 2.2, [ox K|v,|P dx < +00 and

P
-1

p-1
|K7 f ) Xiopz1y| 7T < K|val? < (%) € L(RY).
Then, by similar discussion, we have that (4.9) and (4.10) hold.
Therefore, from the above discussion, we have that (4.8) holds. Similarly, we have

/ Kf(v)v, dx — / Kf(v)vdx.
RN RN

Since v, — vin E and E C DV*(RYN), we get v, — vin D'2. Then, by weak semicontinuity
of the norm in D**(RN), we have that b([px |Vv,|* dx)(fen Vi - V(v, —v) dx) > 0. There-
fore, according to (4.7), we get v, — v in E. From Proposition 2.3, {u, := m™*(v,)} C S
and u, — u = m'(v) € S. That is, ¥ satisfies the Palais—Smale condition on S. So,
from Lemma 2.5, Proposition 2.3, and [37], the functional I, has infinitely many critical
points. g

5 Conclusions

In this paper, by the minimization argument on the sign-changing Nehari manifold and the
quantitative deformation lemma, we discussed the existence of least energy sign-changing
solution for a class of Schrodinger—Kirchhoff-type fourth-order equations with potential
vanishing at infinity. Our results improve and generalize some interesting known results.
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Since these days there is a good trend of existence of solutions for fractional-order differ-
ential equations which are definitely the generalized study, we will discuss some problems
about fractional-order differential equations in the follow-up work.

Acknowledgements
The authors are thankful to the honorable reviewers and editors for their valuable reviewing of the manuscript.

Funding
Research was not supported by any funding.

Availability of data and materials
Data sharing not applicable to this article as no datasets were generated or analyzed during the current study.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All the authors have the same contribution. All authors read and approved the final manuscript.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.
Received: 26 May 2019 Accepted: 8 January 2021 Published online: 29 January 2021

References
1. Agarwal Kritika, R, Purohit, S.D.: A mathematical fractional model with non-singular kernel for thrombin-receptor
activation in calcium signaling. Math. Methods Appl. Sci. 42, 7160-7171 (2019)
2. Agarwal, R, Prasad Yadav, M., Baleanu, D,, Purohit, S.D.: Existence and uniqueness of miscible flow equation through
porous media with a nonsingular fractional derivative. AIMS Math. 5(2), 1062-1073 (2020)
3. Alves, CO, Souto, M.ASS.: Existence of solutions for a class of nonlinear Schrédinger equations with potential
vanishing at infinity. J. Differ. Equ. 254, 1977-1991 (2013)
4. Ansari, H., Vaezpour, S.: Existence and multiplicity of solutions for fourth-order elliptic Kirchhoff equations with
potential term. Complex Var. Elliptic Equ. 60, 668-695 (2015)
5. Ball, J.M: Initial-boundary value problems for an extensible beam. Math. Anal. Appl. 42, 61-90 (1973)
6. Bartsch, T, Liu, ZL, Weth, T.: Sign changing solutions of superlinear Schroédinger equations. Commun. Partial Differ.
Equ. 29, 25-42 (2004)
7. Bartsch, T, Weth, T.: Three nodal solutions of singularly perturbed elliptic equations on domains without topology.
Ann. Inst. Henri Poincaré, Anal. Non Linéaire 22, 259-281 (2005)
8. Bartsch, T, Willem, M. Infinitely many radial solutions of a semilinear elliptic problem on R". Arch. Ration. Mech. Anal.
124, 261-276 (1993)
9. Berger, HM.: A new approach to the analysis of large deflections of plates. Appl. Mech. 22, 465-472 (1955)
10. Castro, A, Cossio, J,, Neuberger, JM.: A sign-changing solution for a superlinear Dirichlet problem. Rocky Mt. J. Math.
27,1041-1053 (1997)
11. Chen, JH, Tang, X.H., Gao, Z.: Existence of ground state sign-changing solutions for p-Laplacian equations of
Kirchhoff type. Math. Methods Appl. Sci. 40, 50565067 (2017)
12. Chen, S, Liy, J, Wu, X Existence and multiplicity of nontrivial solutions for a class of modified nonlinear fourth order
elliptic equations on RY. Appl. Math. Comput. 248, 593-601 (2014)
13. Deng, Y. Shuai, W.: Non-trivial solutions for a semilinear biharmonic problem with critical growth and potentials
vanishing at infinity. Proc. R. Soc. Edinb,, Sect. A 145(2), 281-299 (2015)
14. Figueiredo, G.M,, Santos Junior, J.R.: Existence of a least energy nodal solution for a Schrédinger—Kirchhoff equation
with potential vanishing at infinity. J. Math. Phys. 56, 051506 (2015)
15. Gomez-Aguilar, J.F, Cordova-Fraga, T, Abdeljawad, T, Khan, A, Khan, H.: Analysis of fractal-fractional malaria
transmission mode. Fractals. https://doi.org/10.1142/50218348X20400411
16. Khan, A, Abdeljawad, T, Gomez-Aguilar, J.F, Khan, H.: Dynamical study of fractional order mutualism parasitism food
web module. Chaos Solitons Fractals 134, 109685 (2020)
17. Khan, A, Gomez-Aguilar, JF, Abdeljawad, T, Khan, H.: Thabet Abdeljawad, Hasib Khan, Stability and numerical
simulation of a fractional order plant nectar pollinator model. Alex. Eng. J. 59, 49-59 (2020)
18. Khan, H., Gémez-Aguilar, J.F, Alkhazzan, A, Khan, A.: A fractional order HIV-TB coinfection model with nonsingular
Mittag-Leffler law. Math. Methods Appl. Sci. 43, 3786-3806 (2020)
19. Khan, H. Khan, A, Jarad, F, Shah, A.: Existence and data dependence theorems for solutions of an ABC-fractional
order impulsive system. Chaos Solitons Fractals 131, 109477 (2020)
20. Khan, H, Tunc, C, Khan, A.: Green functions properties and existence theorems for nonlinear singular-delay-fractional
differential equations. Discrete Contin. Dyn. Syst,, Ser. S 13, 2475-2487 (2020)
21. Khoutir, S, Chen, HB. Least energy sign-changing solutions for a class of fourth order Kirchhoff-type equations in R".
J. Appl. Math. Comput. 55, 25-39 (2017)
22. Kumar, D, Singh, J., Purohit, S.D. Ram, S.: A hybrid analytical algorithm for nonlinear fractional wave-like equations.
Math. Model. Nat. Phenom. 14, 304 (2019)
23. Li, Y.L, Wang, D.B, Zhang, J.L.: Sign-changing solutions for a class of p-Laplacian Kirchhoff-type problem with
logarithmic nonlinearity. AIMS Math. 5, 2100-2112 (2020)


https://doi.org/10.1142/S0218348X20400411

Guan and Zhang Journal of Inequalities and Applications (2021) 2021:27

24.

25.

26.
27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

43.

44,

45.

46.

47.

48.

49.
50.

51

52.

53.

54.

55.

56.

57.

58.

59.

60.

61.

Liang, Z., Xu, J, Zhu, X:: Revisit to sign-changing solutions for the nonlinear Schrédinger—Poisson system in R®.

J. Math. Anal. Appl. 435, 783-799 (2016)

Liu, ZL, Sun, JX.: Invariant sets of descending flow in critical point theory with applications to nonlinear differential
equations. J. Differ. Equ. 172, 257-299 (2001)

Ma, T.F: Existence results for a model of nonlinear beam on elastic bearings. Appl. Math. Lett. 13, 11-15 (2000)

Ma, T.F: Existence results and numerical solutions for a beam equation with nonlinear boundary conditions. Appl.
Numer. Math. 47, 189-196 (2003)

Ma, TF. Positive solutions for a nonlocal fourth order equation of Kirchhoff type. Discrete Contin. Dyn. Syst. 2007,
694-703 (2007)

Mao, A, Wang, W.: Nontrivial solutions of nonlocal fourth order elliptic equation of Kirchhoff type in R?. J. Math. Anal.
Appl. 459, 556-563 (2018)

Mao, AM, Luan, S.X.: Sign-changing solutions of a class of nonlocal quasilinear elliptic boundary value problems.

J. Math. Anal. Appl. 383, 239-243 (2011)

Mao, AM, Zhang, Z.T.: Sign-changing and multiple solutions of Kirchhoff type problems without the P.S. condition.
Nonlinear Anal. 70, 1275-1287 (2009)

Nisar, K.S., Purohit, S.D.,, Mondal, S.R.: Generalized fractional kinetic equations involving generalized Struve function of
the first kind. J. King Saud Univ.,, Sci. 28(2), 167-171 (2016)

Purohit, S.D., Ucar, F.: An application of g-Sumudu transform for fractional g-kinetic equation. Turk. J. Math. 42,
726-734 (2018)

Shao, M.Q, Mao, A.M.: Signed and sign-changing solutions of Kirchhoff type problems. J. Fixed Point Theory Appl. 20,
2(2018)

Shuai, W.: Sign-changing solutions for a class of Kirchhoff-type problem in bounded domains. J. Differ. Equ. 259,
1256-1274(2015)

Song, Y., Shi, S.: Multiplicity of solutions for fourth-order elliptic equations of Kirchhoff type with critical exponent.

J. Dyn. Control Syst. 23, 375-386 (2017)

Szulkin, A, Weth, T.: The method of Nehari manifold. In: Gao, D.Y., Motreanu, D. (eds.) Handbook of Nonconvex
Analysis and Applications, pp. 597-632. International Press, Boston (2010)

Tang, X.H.,, Cheng, B.T.: Ground state sign-changing solutions for Kirchhoff type problems in bounded domains.

J. Differ. Equ. 261, 2384-2402 (2016)

Wang, D.B.: Least energy sign-changing solutions of Kirchhoff-type equation with critical growth. J. Math. Phys. 61,
011501 (2020). https://doi.org/10.1063/1.5074163

Wang, D.B,, Li, T.J, Hao, X A.: Least-energy sign-changing solutions for Kirchhoff-Schrédinger-Poisson systems in R?.
Bound. Value Probl. 2019, 75 (2019)

Wang, D.B, Ma, Y, Guan, W.: Least energy sign-changing solutions for the fractional Schrodinger—Poisson systems in
R?. Bound. Value Probl. 2019, 25 (2019). https://doi.org/10.1186/513661-019-1128-x

Wang, D.B, Zhang, H.B, Ma, Y.M.,, Guan, W.: Ground state sign-changing solutions for a class of nonlinear fractional
Schroédinger—Poisson system with potential vanishing at infinity. J. Appl. Math. Comput. 61, 611-634 (2019)

Wang, D.B, Zhang, J.L.: Least energy sign-changing solutions of fractional Kirchhoff-Schrédinger—Poisson system
with critical growth. Appl. Math. Lett. 106, 106372 (2020)

Wang, F, An, T, An, Y: Existence of solutions for fourth order elliptic equations of Kirchhoff type on R". Electron. J.
Qual. Theory Differ. Equ. 2014, 39 (2014)

Wang, F, An, Y.: Existence and multiplicity of solutions for a fourth-order elliptic equation. Bound. Value Probl. 2012, 6
(2012)

Wang, F, Avci, M., An, Y. Existence of solutions for fourth order elliptic equations of Kirchhoff type. J. Math. Anal. Appl.
409, 140-146 (2014)

Wang, L, Zhang, B, Cheng, K.: Ground state sign-changing solutions for the Schrédinger-Kirchhoff equation in R®.
J. Math. Anal. Appl. 466, 1545-1569 (2018)

Wang, X.J, Mao, AM, Qian, AX.: High energy solutions of modified quasilinear fourth-order elliptic equation. Bound.
Value Probl. 2018, 54 (2018)

Willem, M.: Minimax Theorems. Birkhauser, Bosten (1996)

Xu, LP, Chen, H.B.: Existence and multiplicity of solutions for fourth-order elliptic equations of Kirchhoff type via
genus theory. Bound. Value Probl. 2014, 212 (2014)

Xu, L.P, Chen, H.B.: Multiplicity results for fourth order elliptic equations of Kirchhoff-type. Acta Math. Sci. Ser. B 35,
1067-1076 (2015)

Xu, L.P, Chen, H.B.: Nontrivial solutions for Kirchhoff-type problems with a parameter. J. Math. Anal. Appl. 433,
455-472 (2016)

Ye, YW, Tang, C.L.: Infinitely many solutions for fourth-order elliptic equations. J. Math. Anal. Appl. 394, 841-854
(2012)

Ye, YW, Tang, C.L.: Existence and multiplicity of solutions for fourth-order elliptic equations in RY. J. Math. Anal. Appl.
406, 335-351 (2013)

Yin, Y, Wu, X.: High energy solutions and nontrivial solutions for fourth-order elliptic equations. J. Math. Anal. Appl.
375,699-705 (2011)

Zhang, H.B., Guan, W.: Least energy sign-changing solutions for fourth-order Kirchhoff-type equation with potential
vanishing at infinity. J. Appl. Math. Comput. 64, 157-177 (2020)

Zhang, W, Tang, X.H., Cheng, B., Zhang, J.: Sign-changing solutions for fourth elliptic equations with Kirchhoff-type.
Commun. Pure Appl. Anal. 15,2161-2177 (2016)

Zhang, W, Tang, X.H., Zhang, J.: Infinitely many solutions for fourth-order elliptic equations with general potentials.
J. Math. Anal. Appl. 407, 359-368 (2013)

Zhang, W, Zhang, J,, Luo, Z: Multiple solutions for the fourth-order elliptic equation with vanishing potential. Appl.
Math. Lett. 73, 98-105 (2017)

Zhang, ZT, Perera, K.: Sign changing solutions of Kirchhoff type problems via invariant sets of descent flow. J. Math.
Anal. Appl. 317, 456-463 (2006)

Zou, W.M.: Sign-Changing Critical Point Theory. Springer, New York (2008)

Page 22 of 22


https://doi.org/10.1063/1.5074163
https://doi.org/10.1186/s13661-019-1128-x

	Sign-changing solutions for Schrodinger-Kirchhoff-type fourth-order equation with potential vanishing at inﬁnity
	Abstract
	Keywords

	Introduction and main results
	The variational framework and preliminary results
	Technical lemmas
	The proof of the main results
	Conclusions
	Acknowledgements
	Funding
	Availability of data and materials
	Competing interests
	Authors' contributions
	Publisher's Note
	References


