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Abstract

In this paper, aiming at the problem of different signals acting on the same node on a com-
plex network with double time delay, two independent chaotic systems are established, a
complex network model with both node delay and coupling delay is constructed. And the
synchronization error condition of complex networks with double time delay is analyzed,
by applying appropriate pinning controller on the complex network nodes with double time
delay, some network nodes are controlled to investigate the problem of hybrid synchro-
nization. Selecting the appropriate Lyapunov function, basing on the Lasalle invariance
principle and the linear matrix inequality characteristic, the sufficient conditions for hybrid
synchronization of node delay and coupling delay complex networks are given. Finally, the
numerical simulation is presented, and the results indicate it is feasible and verified to real-
ize the hybrid synchronization of two independent chaotic systems on the complex network
with node delay and coupling delay.

Keywords Double delay - Pinning controller - Hybrid synchronization - Lyapunov
function - Lasalle invariance principle

1 Introduction

Synchronization is a common phenomenon in nature. At present, the control and synchro-
nization of complex networks has become a hot topic to researchers. The synchronization
of complex network has been applied into many subjects, such as sociology, transportation,
biology, computer science and even economics etc. [1-7]. The time delay is inevitable in
information processing, computer network and secure communication system and so on
[8—12]. Therefore, it is very important to study the synchronization of complex networks
with time-delay systems [13, 14]. In the condition of complex network with node time
delay, Ahmed et al. studied the complex network synchronization of a class of directional
network topology [15]. In Ref. [16], the system coupling delay was considered, and the
finite-time synchronization of multi-weighted complex networks was studied. Xu et al. [17]
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studied the synchronization of complex dynamic networks (CDNs) with and without node
time delay. However, the complex network generally contains both node delay and cou-
pling delay, and the synchronization effect of two kinds of delay on the complex network
can make great influence. Therefore, it is significant to study the synchronization of com-
plex networks with both node delay and coupling delay.

In addition, researchers often study synchronization by adding one or more of the same
chaotic systems on complex networks, and had made a lot of significant achievements [18,
19]. For example: Oooka et al. studied local synchronization and global synchronization
of time-delay chaotic systems on complex networks [20]. In [21], the synchronization of
chaotic signals on uncertain time-varying networks was discussed. Li et al. studied the syn-
chronization of two stochastic memristive chaotic neural networks with time delay [22].
The above achievements have greatly promoted the synchronization of chaotic systems on
complex networks. However, the synchronization of the independent chaotic system on the
time-delay complex network becomes the problem that has to be solved in the research pro-
cess, and there are very few achievements in this area [23].

In recent years, researchers have proposed the pinning method to control the complex
networks of some nodes. Chen et al. showed that adding a controller to a node in the net-
work system can achieve the overall synchronization of the network system [24]. Han et al.
studied the time-varying coupled complex network with double time delay, and realized the
external synchronization of two complex systems using the method of pinning synchroni-
zation [25]. Ren et al. used the control method of the pinning to realize the synchronization
of fractional general complex dynamic networks with time-delay [26]. All the above results
have used pinning method to achieve the synchronization of single complex network. How-
ever, the actual complex network is often composed of two or more independent network
systems. In order to solve the synchronization problem of the independent time-delay cha-
otic system on the complex network, this paper designs an adaptive pinning controller as a
technical means.

Based on the above discussion, hybrid synchronization of two independent chaotic sys-
tems with node delay and coupled delay are studied in this paper. Aiming at different sig-
nals acting on the same node of complex network, two independent chaotic systems are
established, the adaptive pinning synchronization controller is designed, the sufficient
conditions for synchronization control are given based on the special control strategy. The
validity and feasibility of this method are verified by theoretical analysis and numerical
simulation.

This paper is organized as follows. In Sect. 2 the complex networks model will be
described in detail and lots of assumptions and lemmas are given. In Sect. 3 the synchro-
nization error is analyzed and the appropriate controller is designed to control the complex
networks. The simulation result is presented in Sect. 4. Finally, some conclusions for this
paper are given in Sect. 5.

2 System Model and Assumptions

Considering two different independent chaotic systems, the systems of nonlinear dynamics
mathematical model are as follows:

X = f(x(0)) )]
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Yi(t) = g(y(1)) )

Type in x,y CR; f and g are non-linear smooth functions. Describe the network
dynamics systems:

N N

X,(0) = (D) + fGx,(t=1) + 0 Y a; L, x,(0) + 6 Y by®(t, x,(1—7,)) 3)
J=1 J=1

N

D @yt =) (4)
=1

N
Yi(0) = g0i(0)) + g0t — 7)) + 0 Z a;@(t,y,() + o
=1 j=

J

where x;(f) = (x;; (8), X (8), X;3(0), ..., x5 (1) y;(£) = ¥;1(2), Yo (), y;5(2), ..., y;y(?)) represents
the state of the nth node. f and g represent nonlinear smooth functions respectively, o is the
coupling strength, @ : R" — R"is the inter-node coupling function. The definitions A = a;;
and B = b; are non-delay coupling and time-delayed coupling matrices, respectively, If
node i and node j exist without time-delay coupling (i # j), then a;; > 0, otherwise a; = 0;
If node i and node j have time-delay coupling edges (i # j), then a; > 0, otherwise a; = 0.

7, and 7, are time delays. And assumptions:

N
@ == 2,4 (5)

b=~ by (©)

meet the dissipation conditions. It is considered that the coupling strength between the two
nodes is equal.

The equation of state for a hybrid chaotic system is M = H(M), and here we consider
the linear superposition of the two hybrid systems [23], namely:

1

Miq) = HM) = Xi¢) + Yy, M

where My, = (M;y, Mip» Mizy» - » Myy()) Tepresents a vector of hybrid states.

N N
X,(0) = FO0) + fO(t=1) + 0 Y az @t x(0) + 0 Y by @t x(=75)  (8)
j=1 j=1

N N
Y1) = g0i(0) + 80t = T)) + 0 Y, 4yt y(0) + 0 Y, by®(ty(t=7,)  (9)
j=1 J=1

Then the superposition of X, and Y, constitutes a new chaotic system.
In this paper, ¢ is a time variable to describe the synchronization process of the new
system. S(¢) is a nonlinear smooth or chaotic orbit of a hybrid system.
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H\(Z),H,(Z2),H5(2), ... ,Hy(Z) and H(S) represent the hybrid state of the system. The
goal here is to design the proper controller to synchronize network H(M) over time over
time to S(¢), namely:

tlim |Mi(t)—S(t)| =0, i=0,1,2,3,...,N (10)
The following assumptions and lemmas are given in this paper:

Assumption 1 [27] Let X, Y be an any n-dimensional vector, A C R™", Then
2XTAY < XTAATX + YTy
Assumption 2 There is non-negative constant «, make
|0 @) - @] < ale,0)|
|00;0) - @) < af|e0)]

where ¢,(?) is the error vector.

Lemma 1 [28] The diagonal element h; of the matrix H is replaced by (pyin/@hy; t
obtain the correctlon matrix H of H, wrlte H= H+— Pmin IS the minimum characterlstlc

root of A = A+A = ||A]l.

Lemma 2 Let the characteristic sequence of matrix A are Ay, Ay, A, ..., 4,, the character-

s Aps
istic sequence of matrix B are p,, U, ys, ... , 1,, then the n - m characteristic sequence of
A@Bare ip(i=1,2...,n;j=1,2...,m).

Lemma 3 [29] Linear inequality

A B
M= <0
BT C

If it’s equivalent to one of the following conditions:

1 A<0,BC-B'A"'B<0;
2 C<0,HA-BC'B" <0,

The following lemma is present, Matrix A = <A' A3> B= < >, where
A,

AT A
3 2
By = diag(by,b,, ..., b,)is a positive definite diagonal matrix. A| = A;,A] = A,, A, <0is

equivalent to A — B < 0 when b,(1 < i < r)is big enough.

3 Simultaneous Analysis and Controller Design
The synchronization of complex network models is closely related to the type of con-

troller. The same network model using different controllers, the synchronization effect
will show a great difference. As for complex network model with double time-delay,
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this paper uses the adaptive pinning synchronization method to control the complex net-
work and studies its process of synchronization.
The proper controller u,(¢) is designed to control two chaotic systems. Describe the
chaotic nonlinear dynamics system as
. N N
X;(0) = fx, (D) + fx(t—=7) + 0 ) a; o, x, (1) + o > by @1, x;(t—7)) + ou,(t)  0<i<!
=1 =1 '
N N
X,(1) = f(x,(0) + fx,(t=7) + 0 Y ay®(t, x,(1) + 6 Y, by ®(t, x;(t—7,)) +l1<i<n
j=1 J=1

an

N N
V(1) = g(0) + gt — 1) + o 21 a; (1, y,(0) + o Z‘i by®(t,y,(t — 7)) + ou(t)  0<i<!
Jj= j=

N N
V() =gy, + g0 (t—1))+0 Y a; ®(t,x,(1) + 6 ¥, by @1, y,(t — 7,)) +l1<i<n
Jj=1 J=1

12)
The system error equation is described as:

e;(t) = M) = S(t) = (e, €, €135 -, €3)" (13)
Dynamic system error:

&V =X, (1) - S(0)

N
=f(x(0) +f(x;(1=7,)) = 2m(s) + o Z a(D(1, x;(1)) — (1, S(1))) 14
j=1

N
to Z b(@(t, Xt — 7)) — DL, S1))) + ou,(7)

J=1

&P = Y,() - S()

N
= 80 + g (1=1))) = 2m(s) + & Y a(D(1.3;(1) — B(2, S1))) s
j=1
N
+0 Y by(@(1.x(t — 1)) — DL, S(1))) + ou, (1)
j=1

Here we define the error vector:
e =e +el?

(16)
= M(Z(1) — M(S(1))
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The error is linearly transformed to:

é; = Pey(t) + Pe;(t — ;) + Qe;(t) + Qe,(t — 7))

N N
+0 Y ay( @t x(1) — Ot S1) + 6 Y. by(@(t.x(t = 7,)) — B(2.5(1))
4 £

J=1 j=

a7

N N
+0 ) ay( @, y,(1) = D1, SO) + 6 Y by(®(1, (1 = 7)) = D&, 1)

J=1 J=1

where P, Q is the Jacobian matrix of f(x;(1)), g(y;(?) at x;(t), y,(t), respectively. From the
above equation, we know that P, Q must be bounded matrix, then there must be the follow-
ing inequality:

IPll, <6
oll, < é

Theorem If f, g satisfies the condition in Assumptions 1 and 2, When

aly + 2aA + aB? — D < 0, the complex network to achieve hybrid synchronization, and the

gradual and stable synchronization. Where D=diag{d,,d,,d, ... ,d;,0,0,...,0}, Iy is the
—_— ) ——

! n—I
N-order identity matrix. Make controller:

0 = —Kie;(t) 0<i<l 1
=90 I+1<i<n (18)
K, =diag(k; . kp, ... . k;, 0, ... ,0), The adaptive update rates are as follows:
——
n—1

]:(il = aie,‘T]eil

kiy = aie;eiZ

kz = die e (19)

kin = aiel?;,ein

Construct the Lyapunov function V(¢) as follows:

N N ' N t N
_ l T T T o l T
V=5 ; I (Der) + 6 ; /_ . el (9)e(s)ds + ao ; [_ . ef (S)e/(s)ds + = ; aiD" D,
(20)
t on the derivative of V(r), get:
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N

N N
V() = Z el (e () + Z sel (De;(r) — Z el(t —1)e(t — 1))
i=1 i=1

i=1

N N N
+ac Z eI (ey(t) — ao 2 et -reli-)+0 Y alD,.TD,.
i i i=1 i

= Z el ([Pe,(1) + Pe,(t — 1))+0 Z ay(®(t, x,(1)) — O, S(1)))

i=1

+o Z b(@(1,x,(1 — 1)) — ®L, S())) + Qe;(1) + Qe(t — 7))

«/'*

+o 2 ay((1, y; (1)) — O(1, 5(1)))
=1
N
+o Z a (D, y;(t — 1)) = D1, S()) + ou ()]

j=1

N N N
+ Z{ sel (e (t) — Zl el (t —7)e(t — 1)) + ac Z. I (De,(r)

N N
1 .
—ac z etT(t —1)e(t—1)+0 Z 5DIT D

N
< 2 T(t) 26e,(t) + 26e,(t — 7)) + 20 Z a; }(t) +20a Z bl]e](t T,)+0o Z Kie;(1)
i=1
+ 2 sel (e (t) — 2 el (t = 7)ei(t — 1)) + ac 2 el (De,(r)
i=1 i=1 i=1
N Ny
—ac Z etT(t —1)e(t—1)+0 ; EDiTDi

N N
<46 Z e (t)e (1) + 2ac0 Z 2 e,T(t)aUe](l) +ac Z Z e: (t)blz,ej(t)

i=1 j=1 i=1 j=1
N

+ac 2 el (e(r) — od 2 (e —o 2 el (Ddie;(t)

=el (1) [(45 —od)ly + o(aly + 20A + aB* — D)|e;(t)

2D
In which D=diag{d,,d,,d;, ...,d;,0,0,...,0},
— — ——
1 n—I
n o _ I(x+2aA +al§2 D 20A + aB?
aly +20A +aB? D= '~ . ' (n~1) o=l
2aA pt a(Bl(n 1)) 1 +2aA(,, —Dn-y T aB(n Dn—i)
Let Amin be the smallest eigenvalue of
1 T
(2A,(n pt B[(n 1))(1 o+ 2aA~ e T @ B(n Din— 1))(2A1(n nt (Bl(n z)) ), Amax be the small-

est eigenvalue of (24, + B2) According to Lemma 3, aly + 2aA + aB*> — D < 0 is equiva-
lent to d; > a + aAmax — @*Ayin- When d is sufficiently large and § is sufficiently small,
(46 — od)l, + o(aly + 2aA + aB> — D) < 0 is gotten. Set the maximum constant set
M={et) ER /e,t) =0,i=1,...,n}, E={e(t)eR/VEt)=0,i=1,...,n}, get
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M C E. According to the principle of invariance of Lasalle, the trajectory of the error sys-
tem from any initial value will gradually converge to M.The theorem is true.
4 Numerical Simulation

In the simulation, consider the complex network system with N =100 nodes. Take the Lor-
entz system with delay and Chen system with time delay:

Xy = —ax; +axp
Xp = x4 (k= Dxp — X% + kxp(t — 7)) (22)
X3 = —bxiz + x;xp

when a = 10, b =8/3, ¢ =28,k=5, 7, = 0.1, Fig. 1 shows the time-delayed Lorentz sys-
tem is chaotic.

Vi = —ay; +ayp
Vo =(c—a)yy +k+)yy —yuys+kypt—1) (23)
Vi3 = =bys +yiuyn

When a =35,b =3,c =28, k=3, 7, = 0.1, Fig. 2 shows the time-delayed Chen system
is chaotic.
Then the corresponding complex network dynamics system is described as:

N N
X, =f(x(0),x(t— 1))+ 0 Y, ax, () + 0 X, byx(t — 1) + ou(t)
=1 =1
‘ N N (24)
Y, =g, yt—7)) + 0o 21 a;y(h+o 21 byi(t — 7)) + ou()
J= J=

80 ~
60

40 |

x3

20

-20 -l
50

30
0 10

X2 50 20 x1

Fig. 1 Time delay chaotic Lorentz system
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Fig.2 Time delay chaotic Chen

system 50

40

30

y3

y2 40 40 v

Here take S1 = 4,52 = 4,83 = 8,0 = 5, 7, = 0.5, the initial value of x(i, 1) = 10 * rand,
x(i,2) = 10 * rand, x(i,3) = —10 * rand, (i, 1) = 10 * rand, y(i,2) = 10 * rand,
y(i,3) = —10 * rand, where rand € [0, 10] is any number, taken from the adaptive rate as
the identity matrix.

Case Consider the coupling matrix of the star network and the nearest neighbor network
of A and B respectively.

And in Fig. 3a—c represent the error curves of el, e2 and e3. It shows that the evolution
of error in the process of complex network operation is always changing obviously, and
finally tends to be stable state. The network system realizes hybrid synchronization under
the action of adaptive containment controller.

5 Conclusions

In this paper, the hybrid synchronization problem of chaotic systems over complex net-
works with double delays is studied. The network model is constructed by adding two
independent chaotic systems to complex network nodes with node delay and coupled time
delay. The adaptive synchronization control strategy is designed to realize the hybrid syn-
chronization of the network under certain conditions. The reliability of the method is dem-
onstrated through numerical simulation.
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