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Spectra of the Edge-SubdivisionVertex and
Edge-Subdivision-Edge Coronae
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( School of Computer and Communication Lanzhou University of Technology Lanzhou 730050 China)

Abstract In this paper two classes of corona are defined: edge-subdivision-vertex corona G, \V G,
and edge-subdivision-edge corona G, ¥ G,. Then the A-spectrum ( respectively L-spectrum Q-spec—
trum) of the two classes of new graphs are given in terms of the corresponding spectra of G, and G,. By
using the Laplacian spectra the number of spanning trees and Kirchhoff index of G, V G, and G, VY G, are
obtained.
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Let G=(V E) be a graph with vertex set V={v, v, - v,} and edge set E. The adjacency matrix of G is
denoted by A. The Laplacian matrix of G is defined as L =D —A. Denote the eigenvalues of L by u,( G) =u,( 6)
=2y, (6). The signless Laplacian matrix of G is defined as Q =D +A. For a graph G we call £, ( respectively
f, fp) the adjacent ( respectively Laplacian signless Laplacian ) characteristic polynomial of G ' . Calculating
the spectra of graphs as well as formulating the characteristic polynomials of graphs is a fundamental and very mean—
ingful work in spectral graph theory.

The subdivision graph S( G) ° of a graph G is the graph obtained by inserting a new vertex into every edge of

G. We denote the set of such new vertices by I( G) .
Definition 1 The edge—subdivision—vertex corona of two vertex—disjoint graphs G, and G, denoted by G,
G, s the graph obtained from G, and |1 E( G,) | copies of S( G,) with each edge of G, corresponding to one copy of
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S( G,) and all vertex—disjoint by joining end—vertex of the i th edge of E( G,) to each vertex of V( G,) in the i th
copy of S( G,) .

Definition 2 The edge-subdivision-edge corona of two vertex-disjoint graphs G, and G, denoted by G, VY G,
is the graph obtained from G, and |1 E( G,) | copies of S( G,) with each edge of G, corresponding to one copy of S
( G,) and all vertex—disjoint by joining end—~vertex of the i th edge of E( G,) to each vertex of I( G,) in the i th
copy of S( G,) .

The paper is organized as follows. In section 1 some lemmas used in this paper are given. In section 2 the
A-spectrum ( respectively L-spectrum Q-spectrum) of edge-subdivision-vertex corona G, \/ G, for an regular
graph G, and an regular graph G,( see Theorems 1 2 3) are computed. In section 3 the A-spectrum ( respective—
ly L-spectrum Q-spectrum) of edge-subdivision-edge corona G, ¥ G, for an regular graph G, and an regular graph
G,( see Theorems 4 5 6) are obtained. By Theorems 2 and 5 the number of spanning tree and Kirchhoff index of
G,V G, and G, Y G,( see Corollaries 2 3 5 6) are obtained.

1 Some Lemmas

Lemma 1 * The M-oronal I',( x) of a square matrix M is defined to be the sum of the entries of the ma—
trix («f, = M) ~' that is
Fy(x) =1,(, -M) '1, (1)
where 1, denotes the column vector of size n with all the entries equal 1.
Lemma 2 ° Let M, M, M, and M, be respectively p xp p xq ¢ xp and ¢ x ¢ matrices with M, and M,
invertible. Then

M M
det( 1 ’

) =det(M,) + det( M, -M,M;'M,) (2)
3 4

=det(M,) * det( M, -M,M;'M,) (3)
where M, - M,M;'M, and M, - M,M;'M, are the Schur complements of M, and M, respectively.

Lemma 3’ The Kronecker product A®B of two matrices A =( a;) ,,,, and B=(b,) ., is the mp x nq ma-

trix obtained from A by replacing each element a; by a,B
A®B = ( aL]B) mp Xnq* (4)
Lemma 4 > Let #( G) denote the number of spanning tree of G it is well known that if G is a connected
graph on n vertices with Laplacian spectrum u,( G) Zu,( 6) = *=u,_,(6) >u,(G) =0 then

1 ) :/"(’I(G)MZ( G) ”‘/"Ln—l(G). (5)

n

The Kirchhoff index of a graph G, denoted by kf{ G) is defined as the sum of resistance distances between
all pairs of vertices ® . Gutman et al. ° proved that the Kirchhoff index of a connected graph n, with n( n=2) ver—
tices.

Lemma 5’  The Kirchhoff index of a connected graph G with n( n=2) vertices can be expressed as

-l 1
ke = n; Mi(G)‘

(6)

2 Spectra of Edge-subdivision-vertex Corona

2.1 A-spectrum of edge-subdivision-vertex corona
Theorem 1 Let G, be an r,wegular graph on n, vertices and m, edges and G, an r,—wegular graph on n, ver—

tices and m, edges. Then
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ny n
Sio=amm . (x2 = 2ry) "M H(xz -A(G) —r)" e (%3 -A(6) o - (2ry +nyry +
i=2 i=1
A(G) my) v +2r,0,(6y)) .
Proof Let A, denote the adjacency matrices of G,. Then with respect to the partition V( G,) U U, UU, U

~UU, U EUE,U-UE, of V(G VG,) the adjacency matrix of G,V G, can be written as

|:| Al 1:2 ®Rl 0111 X mymy |:|
d
A= %nz ®R1T Omlnzxmluz R2 ®Im1 O

T 0
Ep’"]"’Z Xny R2 ®Im1 Omlmzxnzlm?_ D

where 0, denotes the s x ¢ matrix with all entries equal to zero I, is the identity matrix of order n 1, denotes the

column vector of size m with all the entries equal one. Thus the adjacency characteristic polynomial of G, \V G, is
given by

Bxlnl _Al _1;11‘2 ®Rl onlxmlmz B
fi=deg-1, @R«  -R,®I, g=2"" + det( S)
0 0
D 0m1”12><"1 _R2®Ilnl xIIYl]"]Z D
where
¢ 0«l, -A,  -1,QR 0 00, ., % L) R®L)
= - X — =
%_ lnz ®R’lr miny % %_RZ ®I"ll D e e ’ .
Oal, -A, -1, ®R, 0
0 0

T 1 T
%_ lnz ®R, ( xInz - 7R2Rz) ®Im] %

det( S) = det( (xlnz - %RZR;) ® Iml) : det( xInl - Al - F:TRZR%'( x) : RIR’IT) =

ny

x’”’]”Z . (xz _ 2r2) my-ny o H(xZ _ /\l( GZ) _ r2) my
(=2

i

ny

H(x3 = A Gl)xz = (2r, + nyry + A(G)) ny) x +21,4,(6)) .

i=1
2.2 L-spectrum of edge-subdivision-vertex corona
Theorem 2 Let G, be an r,wegular graph on n, vertices and m, edges and G, an r,—vegular graph on n, ver—

tices and m, edges. Then

ny
filx) = (x=2)"mMm2 e (&7 = (4 +1)x +4)"7" l_I(x2 —(4+r)x+4 +u(6G))™
i=2
n
(x3 = (4 +ry + iy +p Gl))x2 +(4+(2+r)nr + (4 +1, +n)u(6G))x -
i1
(4 +2n) u,(Gy)).
Proof Let R, R, be the incidence matrix of G, and G, respectively. Let L, denote the Laplacian matrices of
G,. Then the Laplacian matrix of G,V G, can be written as

oL, +rin,, -1, ®R, 0 0

ny Xmpmy

0 g
L = |:| —1”2 ®R’1F ( r2 +2) qu ®Iml _RZ ®Iml D
0 0
U -R, QI 21,,, O

my mymy

Thus the Laplacian characteristic polynomial of G,V G, is given by



dx-rny) I, -L, 1, ®R, 0, m, O
f(x) =dal]  1,8R (x-n-D1.@I, R®L, 0= (x-2)""det(S)
4 0 RIQI, (x-2)1,,.0
where
dx-rn)l, -L, 1, R, [
s=0 | A
H 1,®K ((v=2-r)1, - SR .R:) I, H

is the Schur complement ” of (x —2) 1 For any graph G it is well known that RR' =A +D and L =D - A

mymy *
and D is the diagonal matrix. If G is an r-regular graph on n vertices we have D =rI,. Then R,R| =A, + rl, =
(D, -L)) +r1, =2r1, - L, and R,R, =A, + r1,, =(D,-L,) +r,1, =2r,1, ~L, Thus the result follows

from

RRl o
det(S) = (det((x -2 -r,)1, _2))'"‘det((x—rln2)ln]—LI—F’%?(x—Z—rZ)RIRII) =
R,R; -2 "
(der( (5 =2 = 1) L, = )y e (5 =m0, -1, - 20D gy
2 x =2 : (x=-2)" —rpx

n

(x=2) ™™ s (x—(ry, +4)x +4)™ ™" l_[(oc2 —(4+r)x+4+u,(6G))™ -

2
H(x3 -(4 +r, +r/n, +M£(Gl))x2 +(4+(2+r)n,r +(4+r,+n, +u(6G))x -

(4 +2m) 1w G)).

Corollary 1 Let G, be an r <egular graph on n, vertices and m, edges and G, an r,<egular graph on n, ver—
tices and m, edges. Then the Laplacian spectrum is

(a) 2 repeated m;m, —m, n, times;

(b) Two roots of the equation ° — (4 +r,) x +4 =0 for each root repeated m, — n, times;

(¢) Two roots of the equation x° — (4 +r,) x +2r, +u;( G,) =0 for each root repeated m, times for i =2

oy
(d) Three roots of the equation
= (4w, wrn, vp(G)) S (44 (2+7) nyr, + (4471, +n,) w( G) ) x—(4+2n,) w(G,) =0
fort=2 - n,.
Corollary 2 Let G, be an r,vegular graph on n, vertices and m, edges and G, an r,—regular graph on n, ver—

tices and m, edges. Then

2m1/nz+2ml7/71111272111 4 +2 + ¢ G ny
t( Gl Vi Gz) _ ( n,ry nzrlrz) ( 1) . (4 +2n2) n-1 H(4 +,M,-( Gz) ) m

mym, + myn, + n, )

Corollary 3 Let G, be an r,wegular graph on n, vertices and m, edges and G, an r,—egular graph on n, ver—
tices and m, edges. Then
mlmz—m]n2+(4+r2)(m1_nl) + 4+, +1n,
2 4 4 +2n,r, + nyryr,
(4+r,+ny)(n, -1) +4+(2+r2)n2r1'Kf(G Z (4 +r,) ml)
4 + 2n, (4 + n,)n, 4 +u,(G)

2.3 O-spectrum of edge-subdivision-vertex corona

KA G V G,) = (mlm2 +mn, +n,) X(

Theorem 3 Let G, be an r,wegular graph on n, vertices and m, edges and G, an r,—+egular graph on n, ver—

tices and m, edges. Then



88 40

ny—1

Sfo = (x =2)mmmm (2 (4 +r)x+4)MT . 1_1(962 - (4+r)x+4+2r, —v,(G,))™
i=1

m

[1(2 = (44 +rn, +0(6)) 2" + (4 +(4+r)nr + (441, —n)v(6))x+

=1
(2n, —=4) v, (G,) —4rn,).

Proof The proof is similar as Theorem 2 and is omitted.
3 Spectra of Edge-subdivision-edge Corona

3.1 A-spectrum of edge-subdivision-edge corona
Theorem 4 Let G, be an r,vegular graph on n, vertices and m, edges and G, an r,—+egular graph on n, ver—

tices and m, edges. Then
ny
Saoo= ammmmT . H(x4 -A(6) x - (m, +2r,) X+ 2r,0,(Gy) x + 2rym, — nzrg) :
i=1

ny

[1(<° - 2(6) —m) ™

i=2
Proof The adjacency matrix of G, Y G, can be written as

l:l Al 0:1] xmyny IILZ ®Rl D
g 0
A = |:|0m1n2 an 0"11]12)(”11]12 R2 ®I"L1 D

T T 0
Elmz ®Rl R2 ®Iml omlmz X mymy D

Thus the adjacency characteristic polynomial of G, ¥ G, is given by

|:| xlnl _Al 0n1m| X1y - 1;] ®Rl |:|
] g
f4 = det|:| 0’"1"’2X”l xImlnz _RZ ®Im,l o= x""2 det( S)
0 v o 0
D_lmz ®Rll _RZI ®Im| xImlmz U

where

I:‘lxlnl _Al 0n]m|><n2|:| D_l,lnl ®R1 |:|

S = D D_ g g xlmlma) _1( _lm ®R;r _Rg®lml) =
|:|0m|n2><n1 xIm]nz |:| D_R2 ®Im] |:| - :
m, T o O
X, ~A - RER, -C1LL®R,
O . | O
0 -PueRl (- LwE) 1L

2
det(S) = det( (af,, - l—RzRZ) ®1,) - dei(+l, - 4, - "RR! - ;—ir%RzR,(x) RR") =

ny

x—m]nz—n] . (xZ _ 2r2) my-ny o H(xZ _ /\'( Gz) _ r2) my o
=2

m

H(x4 - A Gl)x3 - (2r, + A,(G)) m, "'mz”l)%z +

i<
2nA(G6) x +220,(6,) rymy + 2rrym, - ri”z/\i( G) - rlrgnz) .
3.2 L-spectrum of edge-subdivision-edge corona

Theorem 5 Let G, be an r,wegular graph on n, vertices and m, edges and G, an r,—wegular graph on n, ver—

tices and m, edges. Then

n

x) = (x —4) M2 Ay r,x + 2r,) M. X - dx — rax +2r, +u;(Gy))™ e
L 1%

i=2



ny

l_[(x4 - (8 +r, +r]m2+,u,i((;l))x3 + (16 +6r, +(6 +r,)rym, +(8 +r, +m2),LL,-(Cl))9c2 -

i=1
(8ry + (8 +4r,)rymy, + (16 +6r, +4m, +rymy) u,(G,))x + (8r, +2r,m, + nzrzz),u,i( G,) +
(4m, - 2n,r,) rr,) .

Proof The Laplacian matrix of G, Y G, can be written as

Ly +rmd,  0,... -1,®R[
L=g 0,... nl,®, -R®I,q
H-1, @R -Rl®I, 41, 0
Thus the Laplacian characteristic polynomial of G, ¥ G, is given by
dx-rmy)l, -L, | 1, ®R, [
£( x) =detg 0, xn, (x=-r)1,, R,®I, E: det( S) + (x—4) ™™
H 1, RI®L,  (x-4)1I,,.1
where
Ekx—rlmz) I, —x"iz4R1RT L, —96%24112@& B
h "L eR! | e g’ s D
0 - _41"2®R1 ((x=-n)1,, —mRzRZ) ®I,, 0

det(S) = (det((x -r)1 _xl_

ny

JRRD) e det( (x = rm) 1, — Ly - " RR] -
2
(xi#)zf%f( x-n)RR)) =

ny

(x —4) ™™™ (%" —4x - ryx +2r,) M7 e H (x* —4x - rax +2r, +u(G,)) ™ e
=2

n

l_[(x4 (8 +r, +r1m2+,ul-(Gl))x3 +(16 +6r, + (6 +1r,)rim, +(8 +r, +m2),u,i(Gl))9c2 —

=1
(8r, + (8 +4r,) rymy + (16 +6r, +4m, + rym,) wi( G,)) x + (8r, +2r,m, + n,r3) wi( G,) +
(4m, = 2n,r,) 1i1y)
Corollary 4 Let G, be an r <egular graph on n, vertices and m, edges and G, an r,<egular graph on n, ver—
tices and m, edges. Then the Laplacian spectrum is
(a) 4 repeated m,m, —m,n, —n, times;
(b) Two roots of the equation x° — (4 +r,) x +2r, =0 for each root repeated m, —n, times;
(¢) Two roots of the equation x° — (4 +7,) x +2r, +u,( G,) =0 for each root repeated m,m,m, times for i
=2 - ny,
(d) Four roots of the equation
= (84, +rymy v ()t + (16 +6r, +(6+1,) rimy +(8 +1, +my) w,(G,)) & -
(8r, +(8 +4r,) rym, + (16 +6r, +4m, +r,m,) w,( G,) ) x +(8r, +2r,m, +nzr§)pﬁ( G,) +
(4m, —2n,r,) r;r, =0 for 1 =2 -+ n,.
Corollary 5 Let G, be an r <egular graph on n, vertices and m, edges and G, an r,<egular graph on n, ver—

tices and m, edges. Then

4m1n12—m1nz—nl( 2r ) my-ny ny n
2

(G VG, = ° H(Zrz +u(G,))" . ((8ry +2r,m, +n2r§)/~lﬁ( G,) +

ng, +mm, +mn, i=2 i=1

(4m2 - 2n2r2) rlrz) ;
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mym, —mn, —n;, (m; —n;)(4+r,) + o (4+1,)m

4 * 2r, = 2r, +Mi( Gz)

(G Y Gy) = (mm, +mn, +n;) x(

nj

Z 8r, + (8 +4r) rym, + (16 + 6r, +4m, + m,r,) w,( G,)
i=1 (4’”2 —2n2r2) rnr, + (8r2 +2myr, + nzré)#’i( Gl)

).

3.3 (Q-spectrum of edge-subdivision-edge corona
Theorem 6 Let G, be an r;vegular graph on n, vertices and G, an r,wegular graph on n, vertices and m,

edges. Then

np—-1

Sfo = (x —4)mmmmm . (x° —dx —ryx +2r,) "7 . H (" —4x —rpx +4r, —v,(G,))™
il

n

l_[((x4 —(8+r, +rmy +v,(G))x" + (16 +6r, + (8 +r,)rym, +(8 +r, —m)v,(G))x -

ic1
(87, + (16 + 6r,) rym, + (16 + 61, —4m, — r,m,) v,(G,)) x +
(8r2 + nzri —2m2r2) Vi( Gl) +8r1r2m2)

Proof The proof is similar as Theorem 5 and is omitted.
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