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1. Introduction

In [25], Shapiro introduced a triangle (Bnx), ., Where By = ﬁ% (*™?2). Then the following identity related with this
matrix was obtained in Shapiro et al. [27] o
n
> Bulk+1)=4" (1.1)
k=0

The entries of this matrix have the following combinatorial interpretation (see, for example, [25,36]). Consider a pair of paths
that start at the origin, consist of n 4+ 1 unit steps either east E = (1, 0) or north N = (0, 1), finishing at the points (a, b)
and (c, d). It is assumed that the two paths do not meet after (0, 0). Then B, x counts the number of such pairs of paths for
which ¢ — a = k + 1, i.e., which end a (horizontal) distance k + 1. Call these partial path pairs. By using this combinatorial
interpretation, Woan et al. [36] have given an elegant proof of the above identity. Some other combinatorial interpretations of
the identity were given in Callan [5], Cameron and Nkwanta [6], and Chen et al. [7]. Very recently, Merlini and Sprugnoli [ 18]
give both an algebraic and a combinatorial proof for this identity by using Riordan arrays [26] and a particular model of lattice
paths, and they also find several generalizations of this identity and obtain a general transformation from an arithmetic into
a geometric progression.

In this paper, we will give a combinatorial interpretation and many generalizations of identity (1.1) by using colored
partial Motzkin paths and Riordan arrays. A Motzkin path of length n is a lattice path from (0, 0) to (n, 0) consisting of up
steps U = (1, 1), horizontal steps H = (1, 0) and down steps D = (1, —1) that never goes below the x-axis. A (u, h, d)-colored
Motzkin path is a Motzkin path such that the up steps, horizontal steps and down steps are labeled by u colors, h colors and
d colors, respectively. In the literatures, the (1, h, 1)-colored Motzkin paths are called the h-colored Motzkin paths, while
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the (1, h, d)-colored Motzkin paths are called the (h, d)-colored Motzkin paths [7,12,24,35]. It is well known that the set of

Motzkin paths of length n is enumerated by the Motzkin numbers M,, with generating function M(t) = oy 123 ”;2t73t2 and

the set of 2-colored Motzkin paths of length n is counted by the Catalan numbers G, 1. A (u, h, d)-colored pazrttial Motzkin
path, also called a (u, h, d)-colored Motzkin path ending an (n, k), is defined as an initial segment of a (u, h, d)-colored
Motzkin path with terminal point (n, k). Let M, denote the set of all 2-colored Motzkin paths ending at (n, k), where
Moo = {e} and ¢ is the empty path. Cameron and Nkwanta [6] showed that the (n, k)th entry of Shapiro’s matrix in identity
(1.1)is |Mpk|, and they presented a combinatorial proof of this identity. Chen et al. [7] find many extensions of identity (1.1)
by using colored Motzkin paths.

In the next section, by using the method of Merlini and Sprugnoli [19] and the 2-colored Motzkin paths, we obtain a
combinatorial proof of identity (1.1). In addition, we establish a bijection ¢ between the set B,  of partial path pairs of length
n+ 1and distance k + 1 and the set M, ; of 2-colored Motzkin paths ending at (n, k). Then by considering (1, b, c)-colored
Motzkin paths, we are able to get identities involving the Fibonacci polynomials and the sequence (1,z + b, (z + b)?, ...).
In Section 3, we consider three kinds of colored Motzkin paths with privileged steps on the x-axis, and we obtain further
identities involving the Lucas polynomials and Chebyshev polynomials.

At the end of this section, we briefly recall the notion of Riordan arrays [8,14,26,29]. An infinite lower triangular matrix
G = (8nk)n.ken is called a Riordan array if its column k has generating function d(t)h(t ¥, where d(t) = Zﬁo odnt" and
h(t) = Z _,hat™ are formal power series with dy # 0 and h; # 0. The Riordan array corresponding to the pair d(t) and h(t)
is denoted by (d(t), h(t)), and its generic entry is g, = [t"]d(t)h(t)¥, where [t"] denotes the coefficient operator.

The set of all proper Riordan arrays forms a group under ordinary row-by-column product with the multiplication identity
(1, t). The product of two Riordan arrays is given by

(d(t), h(t))(g(t), f(t)) = (d(t)g(h(t)), f(h(t))), (1.2)
and the inverse of (d(t), h(t)) is the Riordan array
(d(t), h(t))™" = (1/d(h(t)), h(t)), (1.3)

where h(t) is compositional inverse ofh t), i.e., h(h(t)) = h(h(t)) = t.

If (by )pen is any sequence having b(t) = ;olozobnt" as its generating function, then for every Riordan array (d(t), h(t)) =
(gn,k)n,keN
n

> guibi = [t"1d()b(h(t)). (1.4)

This is called the fundamental theorem of Riordan arrays and it can be rewritten as

t), h(e)b(t) = d(t)b(h(t)). (1.5)
A Riordan array G = (d(t), h(t)) = (gn.k)nken can be characterized [14,16,23,29] by two sequences, the A-sequence,
A = (ap)nen and, the Z-sequence, Z = (z; )nen Such that
&n+1,0 = Z08n,0 +Z18n1 + Z28n2 + -+ - + Zn8nn»
Ent+1,k+1 = 08n,k + A18n k+1 + A28nk+2 + - + An—k8En,n>

for all n, k > 0.If A(t) and Z(t) are the generating functions for the corresponding A- and Z-sequences, respectively, then it
follows that

1
Furthermore, if the inverse of (d(t), h(t)) is (d(t), h(t))~! = (g(t), f(t)), then we have
L _,_ 20
f)= 25 and gO)=1- "0, (1.7)

For example, the Shapiro’s array in identity (1.1) corresponds to the Riordan array B = (C(t)?, tC(t)?), where C(t) =

= T 1 4t js the generating function for the Catalan numbers. By the properties of Riordan arrays, the identity (1.1) can be
rewrltten as
(P tcep) —— = 1

’ (1—¢t2 1-—4t
By using Riordan arrays and a particular model of lattice paths, Merlini and Sprugnoli [ 19] have given both an algebraic and
a combinatorial proof of the following identity (see also [11])

o 1401
(C(t), tC(t)?) G- -1

We will present a combinatorial interpretation of the matrix identity (1.8) by using the 2-colored Motzkin paths.

(1.8)

(1.9)
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Fig. 1. The inductive step.

2. Colored Motzkin paths

Throughout this paper, we will consider the classes of (u, h, d)-colored Motzkin paths described by the following points:

the path is composed of up steps U = (1, 1), horizontal steps H = (1, 0), and down steps D = (1, —1);

up steps occur in u colors, horizontal steps in h colors, and down steps in d colors;

paths start at the origin and remain in the first octant, that is, for every point (x, y) in the path, we have 0 <y < x;
each path is endowed with weight wy, where k is the vertical distance of its last point from the x-axis, i.e., a path
ending at point (n, k) has weight wy, where {wy}x>0 is the weight sequence.

N =

2.1. (1,2, 1) -colored Motzkin paths

Theorem 2.1. Let R, i be the number of (1, 2, 1)-colored Motzkin paths ending at (n, k) and having weight wy, = k 4 1. Then
n
> Runlk+1)=4", VneN, (2.1)
k=0
that is, the total weight of the paths of length n is 4".

Proof. We prove the theorem by induction on n. For n = 0 the only existing path reduces to the origin; therefore its weight
is 1 =4°

Assume that the equation is true for some n > 1, and add a new step in all possible ways to all the paths of length n. These
paths terminate at a point (n, k). In the case k > 0, as we see in Fig. 1, for every path (O, P) of weight p = k + 1 we can:

e add an up step, producing a path of length n + 1 with weightp + 1;
e add a horizontal step, producing a path of length n+ 1 and weight p; this can be done with a horizontal step in 2 colors;
e add a down step, producing a path of length n + 1 and weight p — 1.

The total balance is (p + 1) + 2 * p + (p — 1) = 4p. For paths of length n and ending on the x-axis, we only can add an
up or a horizontal step with 2 colors. In the former case the weight grows to 2. In the latter case, adding a horizontal step
the weight does not change remaining at 1, but this can be done in 2 colors, so the total balance is 2 + 2, which is 4p, being
p = 1 the initial weight. In every case, the total weight grows by 4 times, which proves the induction step. O

Theorem 2.2. For n > k > 0, there is a bijection ¢ between the set B, i of partial path pairs of length n + 1 and distance k + 1
and the set My of (1, 2, 1)-colored Motzkin paths ending at (n, k).

Proof. For a partial path pair (Pq, Py) in By x, assume P; = XoX1Xz - - - Xp and P, = YoY1Ys - - - Y, with X; and Y; are N = (0, 1)
or E = (1, 0) for each i except that X, = N and Yy = E. We may write this partial path pair as a sequence of step pairs
(Py, Py) = (Xo, Yo)(X1, Y1)(X2, Y2) - - - (X, Yn).
Define
g, ifn=0
P1,P) =17 ; .
9P P2) {sb(xl, YO)p(Xo. Ya) - (X, Ya). i1 > 0,
where ¢ is the empty path and for eachi > 0
U, if(X;, Y;) = (N, E),
V) — D7 lf(X,,Y,):(E,N),
PO =0 i (X, V) = (E B),
Hy, if (X;, Yi) = (N, N).

Then ¢(Bo,0) = {€}, and ¢(By x) is the set of all (1, 2, 1)-Motzkin paths ending at (n, k) for n > 1. Obviously, the map ¢ is a
bijection. O
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2.2. (1, b, c)—colored Motzkin paths

The concepts of Fibonacci 1polynomials and Lucas polynomials are very old and well known [9,32,33]. The Fibonacci
polynomials f,(z,c) = ,EZ)J(”_;E_])Z”’Z" Ick satisfy the recursion fu(z, ¢) = zfu_1(z,¢) + cfu_s(z,c) for n > 2 with
initial values fy(z, c) = 0 and fi(z, c) = 1. We will consider the special Fibonacci polynomials F,(z, ¢) = f,+1(z, —c), their
generating function is Z;‘;OFH(Z, ot = Tara

Theorem 2.3. Let R, x be the number of (1, b, c)-colored Motzkin paths ending at (n, k) and having weight Fy(z, c). Then
n
Y Ruifilz,c)=(z+b)", VneN, (2.2)

that is, the total weight of the paths of length n is (z + b)".

Proof. Let p be the weight of a path ending at a node (n, k) with k > 0; now p = F(z, c), every up step changes the weight
to Fi41(z, c); every horizontal step leaves the weight unchanged; finally, every down step changes the weight to Fy_+(z, c).
So, the total balance is Fy1(z, ¢) + bFi(z, ¢)+ cFx_1(z, ¢) = (zF(z, ¢) — cFx_1(z, ¢))+ bF(z, ¢) + cFi_1(z, ¢) = (z + b)Fi(z, c),
i.e., the total weight (relative to internal nodes) has increased (z + b) times.

For what concerns the nodes on the x-axis, their weight is initially Fo(z, ¢) = 1, then: the b horizontal steps do not change
this weight, so they contribute with b units to the total balance; one up step contributes with z to the total balance since
every up step changes the weight to F;(z, c) = z. Therefore, the total balance is z + b, it also increases (z + b) times. O

The matrix form of (2.2) is
(Rij)ij=0 * (Fu(z, ) = ((z + b)")n.
Writing the first few rows of (R; )i j>o we obtain

1 0 0 0 0 1 1
b 1 0 0 0| (Fi(z0) z+b

b* +c 2b 1 0 0 Fz(z, ol=|E+by

b + 3bc 3b% + 2¢ 3b 1 0] |Fz0) (z + b)?

b* 4+ 6b*c +2c> 4b*+8bc 6b*+3c 4b 1/ \Fa(z,¢) (z + b)*

By specifying the values of b, ¢ and z in the above matrix identity, we obtain many interesting relations.

Example 2.1. (i) For b = 2, ¢ = 1, we obtain:

1 0 0 0 0 O© 1 1
2 1 0 0 0 O0||[|FE1 z+2
5 4 1 0 0 ofl|lpan|_[@+27?
4 14 6 1 0 Oo||lBEO]T|z+2?)|
42 48 27 8 1 0| |Fz1) (z+2)
132 165 110 44 10 1) \Fs(z, 1) (z+2)
this is a direct generalization of (1.1).
(ii) Forb = 0, ¢ = 1, we obtain:
100000 O 1 1
10 0 0 0 0)[F(z1) a
10100 0 0]|E@E1 z
020100 0|l|lRzn|=]|2],
2 0 301 0 0|]|F@z1 z*
050 40 1 0]|FEz1 25
509 05 0 1/ \Fz1) 25

where the matrix is the aerated Catalan triangle [3,34], and F,(z, 1) are the special Fibonacci polynomials [9].
(iii) For b = 3, ¢ = 2,z = 3, we obtain the identity (1.3) in Chen [7]:

1 0 0 0 0 O 1 1
3 1 0 0 0 O 3 6
11 6 1 0 o0 ofl7] _|¢
45 31 9 1 o0 ol]lw]|™]|6)
197 156 60 12 1 0] 31 6
903 785 360 98 15 1) \63 63

where the first column is the sequence of little Schréder numbers.
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(iv) For c = 1, z = 3, we obtain the identity:

1 0 0 0 0\ /1 1
b 1 0 0o ol(s3 b+3
b? +1 2b 1 0 ol|ls8|=|w+37
b* 4 3b 3% +2 3b 1 0]]21 (b+3)°
b*+6b>+2 4b>+8b 6b +3 4b 1/ \55 (b+3)*

where the sequence (1, 3, 8, 21, 55, .. .) consists of Fibonacci numbers of even index. A special form of this matrix identity
for b = 2 is obtained in [1].
(v)Forc =t,z=t+ 1and b = k — t — 1, we obtain the identity found in [7]:

1 1
1+t k
2 2
(Rij)ij=0 T+e+t =k 1.

1+t4+t2+1¢3 k3

where R;; is the number of (1,k — t — 1, t)-colored Motzkin paths ending at (n, k) and having weight F(t 4+ 1,t) =
T4+t+--+th

3. Colored Motzkin paths with privileged steps

In this section, we will consider the classes of (u, h, d)-colored Motzkin paths satisfying the following additional
conditions:

5. each horizontal step on the x-axis in hg colors;
6. each down step ended on the x-axis in dg colors;

These paths are said to have privileged steps to the x-axis [ 17]. In the sequel, these paths will be called (u, h+ hg, d + do)-
colored Motzkin paths, and we will prove our results by an algebraic approach.

3.1. (1, b, ¢ + 2c) -colored Motzkin paths

n
The Lucas polynomials I,(z, ¢) = ,Zéﬁ (”;k)z"*z"c" satisfy the recursion I,(z, ¢) = z l,_1(z, ¢) + ¢ l_»(z, ¢) forn > 2
with initial values ly(z, ¢) = 2 and l1(z, ¢) = z. We will consider the normglized Lucas polynomials L,(z, c) = I,(z, —c) for
n > 1and Lo(z, ¢) = 1, their generating function is Y - La(z, O)t" = 1_1;fc[2.

Theorem 3.1. Let R, be the number of (1, b, c + 2c)-colored Motzkin paths ending at (n, k) and having weight Ly(z, c) for
k > 0, then

n
D Ruiliz, €)= (z+b)", VneN, (3.1)
k=1

that is, the total weight of the paths of length nis (z + b)".

Proof. Analogously the numbers R, x satisfy the following recurrence relations,
Rn+l,0 = bRn,O + ZCRn,lv
Ray1k+1 = Ruk + bRy ki1 + Ry k2.

This implies that the infinite triangle R = (Rp k)nken 1S @ Riordan array and the generating functions for the A- and Z-
sequences are A(t) = 14 bt + ct? and Z(t) = b + 2ct, respectively. Applying (1.3) and (1.7), we get

R-1 — 1 — ct? t
T \14+bt+ct? 1+bt+ct2)’

R:( 1 1—bt — (1—bt)2—4ct2)
Ja bty — a2’ 2ct '

Thus, the identity (3.1) can now be written as R * (L )y = ((z + b)"),,, which is equivalent to R™!  ((z + b)")k = (Lp)n,
wherely = 1,1; = z,L, =z*>—2c,and L, = zL,_; —cL,_, forn > 3.This is easier to prove: (

1—ct? 14bt4ct? _1—ct? 1—ct? oo n
1+bt+ct2  1+bt+ct2—(z+b)t 1—zt+ct2'and 1—zt+ct2 ZH=OL”(Z’ ot O

1—ct? t w1 _
1+4bt4ct? * 1+4bt+ct? 1—(z+b) —
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Example 3.1. For b = 2, c = 1, we obtain the identity:

1 0 0 0 0 0 1 1

2 1 0 0 0 o)Lz z+2
6 4 1 0 0 0Lz [@E@+2
20 15 6 1 0 0f|Lsz1) (z+2)
70 56 28 8 1 0] |Liz1) (z +2)*
252 210 120 45 10 1/ \Ls(z, 1) (z+2)

The above matrix is the central binomial triangle [4,15,20] whose first column is the sequence of central binomial coefficients.

Theorem 3.2. Let R, be the number of (1, b, ¢ +2c)-colored Motzkin paths ending at (n, k) and having weight c* 41 for k > 1
and 1 for k = 0, then

n
Ruio+ ) R+ )=(b+c+1)". VneN, (32)
k=1

that is, the total weight of the paths of length nis (b + ¢ + 1)".

; 1—ct? _ t et s ; ; 2 ;
Proof. Since et = 1+ = + 1= is the generating function of the sequence 1, ¢ + 1, ¢* + 1, .. .. Hence, setting

z = c + 1inTheorem 2.3 we obtain the result. O

Example 3.2. (i) For b = 0, c = 1, we obtain the identity:
1 0 0 0 0 0\ /1 1
0 1 0 0 0 0]f2 2
2 0 100 off2] [2°
0 3 0100|2112
6 0 4 0 1 0]]|2 24
0 10 0 5 0 1/ \2 25

The above matrix is the aeration of right half of binomial triangle [9,37] whose first column is the aeration of sequence of
central binomial coefficients.
(ii) For b = 1, ¢ = 1, we obtain the identity:

1 0 0 0 0 0\ /1 1
1 1 0 0 0 o0f]2 3
32 1 0 o0 of]2|_1|%
7 6 3 1 0 o0f]l2]7]33
19 16 10 4 1 0o]|2 34
51 45 30 15 5 1) \2 35

The above matrix is the right half of trinomial triangle [18,21] whose first column is the sequence of central trinomial
coefficients.
(iii) For b = 3, ¢ = 2, we obtain the identity:

1 0 0 0 0 0 1 1
3 1 0 0 0 0 3 6
3 6 1 o0 o offls5]_|¢
63 33 9 1 0 0 9|~ |6
321 180 62 12 1 o] |17 6
1683 985 390 100 15 1/ \33 63

The above matrix is included in Peart and Shapiro [21], where the first column is the sequence of central Delannoy
numbers [31].

Theorem 3.3. Let R, , be the number of (1, b, e + 2e?)-colored Motzkin paths ending at (n, k) and having weight 2¢e* for k > 1
and 1 for k = 0O, then

n
Ruo+ Y Rni(2¢") = (b+2e)", ¥n e N, (3.3)
k=1

that is, the total weight of the paths of length n is (b + 2e)".
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. 1—e2t2  _ 1+et : : : 2 e _ 2
Proof. Since T = Toet IS the generating function of the sequence 1, 2e, 2e-, .. .. Hence, substituting c = e and

z = 2ein Theorem 2.3 yields the result. O

Example 3.3. (i) For b = 4, e = 2, we obtain the identity:
1 0 0 0 o0 0\/1 1

4 1 0 0 0 O 4 8
24 8 1 0 o ol|ls]|_|®
160 60 12 1 0 of]1w6| 1|8
1120 448 112 16 1 0]|32 g4
8064 3360 960 180 20 1/ \64 g5
The above matrix is A128417 in [28].
(ii) For b = 1, e = 2, we obtain the identity:
1 0 0 0 0 O 1 1
1 1 0 0 00 4 5
9 2 1 0 o0 ofl|ls] |5
25 15 3 1 0 o]~ |53
145 52 22 4 1 0|32 54
561 285 90 30 5 1) \64 55

The first column of the above matrix is AO84605 in [28].

3.2. (1, b+ (b + e), c)-colored Motzkin paths

The Chebyshev polynomials have many beautiful properties and countless applications [ 10,13]. The Chebyshev polynomi-
als of the first kind are defined by To(z) = 1, T1(z) = z,and forn > 2, T,(z) = 2zT,_1(z) —T,_»(z). Their generating function is

ZﬁioTn(z)t” = 1_12;2;2 .The Chebyshev polynomials of the second kind differ only in the initial conditions. They are defined
by Ug(z) = 1, Uy(z) = 2z, and for n > 2, Up(z) = 2zU,_1(z) — U,_3(z). Their generating function is Z,iioUn(Z)f" = m
The third and fourth kinds of Chebyshev polynomials are defined by generating functions Z;’iovn(z)t” = p;zﬁ and
Yo W2t = 1_;;t+t2 , respectively (see [2]).
Now, we define the generalized Chebyshev polynomials by generating function

- o 1—et

ggn(z, c,e)t" = Tara
Then they satisfy the recursion g,(z,c,e) = zg,_1(z,c,e) — cgn_2(z, c, e) with initial conditions go(z,c,e) = 1 and

gi(z,c,e)=z—e.

Theorem 3.4. Let Ry, be the number of (1, b+ (b + e), c)-colored Motzkin paths ending at (n, k) and having weight g(z, c, e).
Then

n
D Ruigilz.c.e)=(z+b)", VneN, (3.4)
k=0

that is, the total weight of the paths of length nis (z + b)".

Proof. The numbers R, satisfy the following recurrence relations,
Rny1.0 = (b + €)Rno + R 1,
Rn+].k+l = Rn,k + bRn,k+1 + CRn,kJrZ'

Hence the infinite triangle R = (Rp)n.ken iS @ Riordan array and the generating functions for the A- and Z-sequences are
A(t) =14 bt + ct? and Z(t) = b + e + ct, respectively. Using (1.3) and (1.7), we obtain

R’]:< 1—et t >

14 bt +ct?2’ 1+ bt +ct?2 )’

R:( 2 1— bt — (1—bt)2—4ct2>
1—(2e+ b)t + /(1 — bt)? — 4ct?’ 2ct '

Thus, the identity (3.3) can now be written as R * (gi(z, ¢, €))x = ((b + z)"),, which is equivalent to R™! ((b + Z)k)k =

o ; . 1—et t 1 _ _1—et . _ dbt4ct? _ o l-et
(8n(z, ¢, €))n. This is easier to prove: <1+bt+ct2’ 1+b[+ct2) T2t T Trbtra? | Trbtre—(ba)x | 1-zita? .
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Example 34. (i)Forb =2,c = 1,e = 1, and z = 2x, we obtain the identity:

1 0 0 0 0 0 1 1

3 1 0 0 0 o] v 2x+2

10 5 1 0 0 of|ww| |ex+2?

35 21 7 1 0 0w 2x+2)° |
126 84 36 9 1 0]|Va (2x+2)*
462 330 156 55 11 1) \Vs(x) (2x +2)°

where V,,(x) are the modified Chebyshev polynomials of the third kind. The above matrix is mentioned in [4,20].
(ii)Forb = 3,c = 2,e = —2, z = 3, we obtain the identity:

1 0 0 0 0 O 1 1
1 1 0 0 0 O 5 6
3 4 1 0 o o3| _|f
1 17 7 1 0 0 29|~ |6 |’
45 76 40 10 1 O 61 6%
197 353 216 72 13 1) \125 63

where gop = 1,81 = 5,8 = 38k_1 — 28k for k > 2. The above matrix is mentioned in [9], and its first column is the
sequence of little Schréder numbers [30].
(iii) For b = 3,c = 2, e = —1, z = 3, we obtain the identity:

1 0 0 0 O 1 1
2 1 0 0 0 5 7
6 5 1 0 of||13l=]|7],
22 23 8 1 0]1]29 73
90 107 49 11 1) \61 74

where gy = 1,821 = 5,8 = 4gx_1 — 28x_» for k > 2. The above matrix is A133367 in [28], and its first column is the sequence
of large Schréder numbers [30]. A triple factorization of this matrix was found in [22].
(iv) Forc = 1,e = 1, z = 3, we obtain the identity:

1 0 0 0\ /1 1

b+1 1 0 0 2 b+3

b? +2b+2 2b+1 1 ol 5]~ [(b+3)7?
b®>+3b2+6b+3 3b2+3b+3 3b+1 1/ \13 (b+3)°

where gy = 1,81 = 2, 8x = 38k_1 — 8k_» for k > 2, are Fibonacci numbers of odd index.

Corollary 3.5. Let R, be the number of (1,b + (b + d), r?)-colored Motzkin paths ending at (n, k) and having weight
(k + 1)rk — kdr*=", then

n
D Run((k+ 1)r* —kdr*"')y = (b+2r)", VneN, (3.5)
k=0

that is, the total weight of the paths of length n is (b + 2r)".

Proof. By writing

o0

1—dt 1—dt
> 2. d)it = =
k=0

T1=2rt 4122 (1—r1t)?’
we see that g (2r, 12, d) = (k + 1)r* — kdr*=1. Thus, setting ¢ = r? and z = 2r in Theorem 3.4 gives us the result. O

For example, in the case b = 4, d = r = 2, we obtain the identity:

1 0 0 0 0 0 1 1
6 1 0 0 0 O 2 3
40 10 1 o o of|laf|_|®
280 84 14 1 0 0 8|~ |8
2016 672 144 18 1 0] |16 g4
14784 5280 1320 220 22 1/ \32 g5

The first column of the above matrix is AO69720 in [28].
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3.3. (a, b + (b + as), a) -colored Motzkin paths

The special generalized Chebyshev polynomials are defined as Gi(z,s) = gi(2z, 1, s), and the generating function is
Yooz " = =2t

Theorem 3.6. Let R, x be the number of (a, b 4 (b + as), a)-colored Motzkin paths ending at (n, k) and having weight Gi(z, s).
Then

n
> RuiGilz.s) = (22 +b)", VneN, (3.6)
k=0

that is, the total weight of the paths of length n is (2az + b)".
Proof. The last step of any path is one of step set {U, H, D}. Therefore, the numbers R, ; satisfy the following recurrence
relations,
Rnt1.0 = (b +as)Rno + aRn 1,
Rus1k+1 = ARy + bRy 1 + ARy ky2.

This implies that the infinite triangle R = (R k)n.ken IS @ Riordan array and the generating functions for the A- and Z-
sequences are A(t) = a + bt + at? and Z(t) = b + as + at, respectively. Using (1.3) and (1.7), we obtain

Rq:( a — ast t )

a+bt+at?’ a+bt+at?)’

R=< 2 1—bt — (1—bt)2—4a2t2>
1—(2as + b)t + /(1 — bt? — 4a2t?’ 2at '

Thus, the identity (3.1) can now be written as R* (Gi(z, s))x = ((b + 2az)"),,, which is equivalent to R x (b + 2az)¥), =

k
a—ast t 1 ___a-—ast a+bt+at? _ 1—st
a+bt+at?’ a+bt+at? 1—(

(Gn(z, $))u- This is easier to prove: ( b+2a2) — atbttat®  atbitat?—(bt2az) . 1-22t4¢2°

Fors = 1 —r and z = 1, we obtain Theorem 5.1 of Merlini and Sprugnoli [19]. Fors = 1 — 3 and z = 1, we obtain
Theorem 5.4 of Merlini and Sprugnoli [19].
Fora = 1,b = 2,s = —1, we obtain Theorem 4.2 of [ 19]

1 0 0 0 0 O 1 1

1 1 0 0 0 0] |wW 2242

2 3 1 0 0 of|wm@]|_[@z+2y

5 9 5 1 0 0w z4+27° |
14 28 20 7 1 0] | Wa2) (2z 4 2)*
42 90 75 35 9 1 Ws(z) (2z +2)°

where (W, (x)), is the sequence of modified Chebyshev polynomials of the fourth kind.

Corollary 3.7. Let Ry be the number of (a, b + (b + az), a)-colored Motzkin paths ending at (n, k) and having weight T(z),

where {Tx(z)}k=0 is the sequence of Chebyshev polynomials of the first kind with the generating function 1712;;2. Then

n
D RuxTi(z) = (2az +b)', VneN, (3.7)
k=0
that is, the total weight of the paths of length n is (2az + b)".
Proof. The result follows by setting s = z in Theorem 3.6. O
Corollary 3.8. Let R, be the number of (a, b, a)-colored Motzkin paths ending at (n, k) and having weight Uy(z). Then
n
> RurlUilz) = (202 +b)", VneN, (3.8)
k=0

that is, the total weight of the paths of length n is (2az + b)".

Proof. The result follows by setting s = 0 in Theorem 3.6. O
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Although we know that the identity (3.8) is true, it would be nice to be able to write it explicitly. Fortunately, this
2a2t2 2at 3

. . . . —bt—A/ 2 2¢2 _ b2 —4a2¢2
can be achieved by first producing a closed formula for R, . Since R = (1 b=/ (b a7t " 1-bt=/ (1=t —4a7t7 ) and

-1 _ a t :
R~ = (HbHMZ b ) by the Lagrange Inversion formula, we have

Rn,k = [tn]

k
1—bt — /(1 —bt)> —4a?t2 {1 — bt — /(1 — bt)? — 4a%t?
2a2t? 2at

k+1
B l[tn+1](1—bt— (1—bt)2—4a2t2>
a

2at
1
— a[ n k] (a+bt+at2)n+1
k+12"+2LJ n+1 j
= [t n+m—2jb2j—mtm
e S () L)
m=0 j=0
L7 .
_kt1 Z n + 1 J ) qnk2iprin,
n+1 4 j n—k—j
j=0
Thus, we obtain the following explicit form of the identity:
n L7 k+1 /n+1 j
S (M) () e = 2az by 39
kO]0n+1 n—k—j

In terms of matrices, we have
(Rij)ij=0 * (U(2)k = ((2az + b)"),.

Writing the first few rows of (R; ); j=0, We obtain

1 0 0 0 0 1 1
b a 0 0 0 Ui(2) 2az +b
a + b’ 2ab a® 0 0]|w@|=]@awaz+by?
b* + 3a®b 3ab? + 2a° 3a’b @ 0]|Us2) (2az + b)?
b* + 6a?b? + 2a*  4ab® +8a’b 6a’b? +3a* 4d’b a*/) \Ui(z) (2az + b)*
If z = 1, we obtain
1 0 0 0 0 1 1
b a 0 0 0 2 2a+b
@+ b? 2ab a 0 o]]|3]|=]@a+by
b* + 3a°b 3ab? + 24 3a%b @ 04 (2a+ b)*
b* + 6a°b* + 2a* 4ab® +8a’b 6a’b* +3a* 4d’b a*/ \5 (2a + b)*
Ifa = b =z = 1, then we obtain the identities (1.5) of Chen et al. [7],
1 0 0 0 0 0\ /1 1
1 1 0 0 0 0ff2 3
2 2 1 0 o ofl3| |3
4 5 3 1 0 o4 |3
9 12 9 4 1 0 5 34
21 30 25 14 5 1 6 3°

where the first column is the sequence of Motzkin numbers.
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