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The performance of multiple-input multiple-output wireless optical communication systems that adopt
Q-ary pulse position modulation over spatial correlated log-normal fading channel is analyzed in terms of
its un-coded bit error rate and ergodic channel capacity. The analysis is based on the Wilkinson’s method
which approximates the distribution of a sum of correlated log-normal random variables to a log-normal
random variable. The analytical and simulation results corroborate the increment of correlation coeffi-
cients among sub-channels lead to system performance degradation. Moreover, the receiver diversity
has better performance in resistance of spatial correlation caused channel fading.

� 2017 Elsevier Ltd. All rights reserved.
1. Introduction

Wireless optical communication (WOC) has become an alterna-
tive to traditional wireless communication by offering higher
transmission rate, inherent security, unlicensed spectrum and
lower power consumption [1]. Moreover, multiple-input
multiple-output (MIMO) technology is adopted in WOC to further
improve the transmission capacity and signal quality [2–6].
Although the linear growth of capacity with the number of antenna
indicates the potential of MIMO systems, the true benefits of using
multiple antennas may be limited by spatial fading correlation. In
practical wireless communication channels, the spatial correlation
of multipath fading can no longer be neglected among the antenna
elements due to a small aperture size and a long propagation dis-
tance as well [7–10]. Therefore, an analysis of MIMO WOC charac-
teristics taking those correlations into account is needed.

Detailed studies of correlation impact on WOC over Gamma-
Gamma (G-G) fading channel were proposed in [11–14]. As a mat-
ter of fact, a set of criteria for setting the correlation coefficients on
small and large scale turbulence components was given in [11].
Further, in [12,13], the authors investigated the effect of fading cor-
relation on bit error rate (BER) and symbol error rate (SER) perfor-
mance of MIMO WOC systems based on a� l approximation
method. The outage performance of free space optical (FSO) system
using switch-and-stay combining (SSC) diversity over spatially cor-
related G-G turbulence channels were studied in [14]. It illustrated
that the correlation of received signals at different SSC branches
could degrade the outage performance by about 1.2 dB. In [15],
Navidpour et al. investigated the BER of a MIMO WOC system
adopting on-off keying (OOK) modulation over log-normal turbu-
lent fading channels taking the spatial correlation into account.
In [16], Hassan Moradi et al. compared different alternatives of
switching diversity with N branches and their utilization in perfor-
mance enhancement over correlated log-normal WOC channels.
Subsequently, Hassan Moradi and his colleagues presented the
BER performance of correlated dual-branch SSC and switch-and-
examine combining scheme under the log-normal WOC channels
in [17].

This paper focuses on the BER performance and the ergodic
capacity of MIMO WOC communication links over log-normal fad-
ing channel when taking the spatial fading correlation into account
and using Q-ary pulse position modulation (QPPM). Unlike conven-
tional OOK modulation format, QPPM achieves higher power effi-
ciency and better system performance [18–20].
2. Theoretical analysis

2.1. MIMO WOC system

The block scheme of a MIMO WOC system employing QPPM is
shown in Fig. 1. The transmitter consists of M laser diodes (LDs)
and a collimator or a telescope to determine the light direction
and beam divergence angle. The receiver consists of N lenses and
photodetectors (PDs). The lenses focus the received optical field
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Fig. 1. Block scheme of the MIMO WOC system.
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onto a PD. The PD converts the received optical field to an elec-
tronic signal for further demodulation.

Assuming the total transmitting power of M � N (M is the num-
ber of LDs, N is the number of PDs) MIMOWOC transmission link is
Es, then the average power of each LD will be Es=M. During a QPPM
symbol period, the symbol interval Ts will be subdivided into Q
time slots, each of length T ¼ Ts=Q . A digital message comprised
of log2Q bits is sent by pulsing the laser in one of these slots.

Assuming the detectors follow Poisson model, which means the
signal is transmitting over a flat and slow fading channel. The sig-
nal received by the nth detector, denoted as yðnÞ, can be described as

yðnÞ ¼ ns

M

XM
m¼1

xðmÞhnm þ nbn0 ð1Þ

where xðmÞ, yðnÞ and n0 are all 1� Q vectors, xðmÞ denotes the signal
sent by the mth LD, n0 denotes the noise vector. nb denotes the aver-
age count rate generated by background noise (include the dark
current) and can be described as nb ¼ gPbT

hf , where Pb denotes the

average noise power on each detector. hnm denotes the intensity
attenuation coefficient from the mth LD to the nth PD due to scintil-
lation. ns denotes the average number of photoelectrons counted
per pulse per laser at one PD for a nonfading channel and can be
described as

ns ¼ gPrT
hf

¼ gEs

hf
ð2Þ

where g denotes the photoelectric conversion efficiency, h denotes
the Planck’s constant, f denotes the optical carrier frequency, Pr

denotes the average receiving power of each detector.
It should be noted that the received signal yðnÞ consist of a few

‘‘on” and ‘‘off” time slots. Therefore, we suppose kon;n and koff ;n as
the average number of photoelectrons observed during an ‘‘on”
and an ‘‘off” time slot at the nth PD, respectively. As a result, Eq.
(1) can be converted to the following expression

kon;n ¼ ns
M

XM
n¼1

hnm þ nb

koff ;n ¼ nb

8><
>: ð3Þ
2.2. Log-normal turbulence channel

In a log-normal turbulence channel, the channel fading coeffi-
cient can be described as

h ¼ I
I0

¼ expð2vÞ ð4Þ

where I0 is the signal light intensity without turbulence, I is the sig-
nal light intensity with turbulence. The log-amplitude v is the nor-
mal random variable (RVs) with mean lv and variance r2

v.
Therefore, the light intensity fading induced by atmospheric inho-
mogeneity (turbulence) can be characterized by log-normal distri-
bution [21]. Its probability density function (pdf) will be

f IðhÞ ¼
1ffiffiffiffiffiffiffiffiffiffiffiffi
2pr2

v

q 1
2h

exp �
lnðhÞ � 2lv

h i2
8r2

v

8><
>:

9>=
>; h � 0 ð5Þ

Normalizing the signal light intensity, i.e., E½I� ¼ 1, it will satisfy
the equation lv ¼ �r2

v. Furthermore, the scintillation index (S.I.) is
usually defined to specify the atmospheric channel fading for con-
venience. It can be defined as Eq. (6) for log-normal fading channel
[22]

S:I: ¼ r2
I

I20
¼ expð4r2

vÞ � 1 ð6Þ

Its typical value range is [0.4–1.0].

2.3. Correlated log-normal fading channel

The log-amplitude matrix (G) of correlated fading channel can
be described as

G ¼ RrSRt ¼ ðgnmÞNM ð7Þ
where gnm ¼ lnhnm, S ¼ ðsnmÞNM is the independent fading channel
matrix. snm denotes the log-amplitude from the mth LD to the nth

PD, which is a normal random variable with mean �0:5 lnð1þ S:I:Þ
and variance lnð1þ S:I:Þ. Rt is the M �M transmitter correlation
matrix, Rr is the N � N receiver correlation matrix. Rt and Rr can
be written as

Rr ¼ E GGH
n o

¼
XM
c¼1

E gcg
H
c

� � ð8Þ

and

Rt ¼ E ðGHGÞT
n o

¼
XN
r¼1

E gH
r gr

� �T ð9Þ

where gc and gr denote the column and row log-amplitude gain of
G, respectively.

As a result, we can discuss the spatial correlation channel in
three different scenarios:

� Case 1: The independent channel, which means rt and rr satisfy
rt ¼ 0; rr ¼ 0.

� Case 2: The partial correlated channel, which can be divided
into two conditions.
(1) Only takes the transmitter correlation into account, then

rt – 0; rr ¼ 0.
(2) Only takes the receiver correlation into account, then there

will be rt ¼ 0; rr – 0.
� Case 3: The complete correlated channel, which means both the
transmitter and the receiver are correlative. As a result, there
are rt – 0; rr – 0.
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In order to make a simple description of spatial correlation, the
exponential correlation model can be used to define Rt and Rr [22]

Rt ¼ rij
� �

i;j¼1;���;M ¼ r i�jj j
t

n o
i;j¼1;���;M

ð10Þ

Rr ¼ rij
� �

i;j¼1;���;N ¼ r i�jj j
r

� �
i;j¼1;���;N ð11Þ

where rtj j < 1; rrj j < 1 are correlation coefficient of transmitter and
receiver, respectively. According to the symmetry of Rt , Rr and the
characteristic of the normal distribution, is also a normal random

variable with mean �0:5 lnð1þ S:I:Þ � 1�rMt
1�rt

� �
� 1�rNr

1�rr

� �
and variance

lnð1þ S:I:Þ � 1�r2Mt
1�r2t

� �
� 1�r2Mr

1�r2r

� �
. As a result, the fading channel coeffi-

cient follows log-normal distribution. It is obvious that the light
intensity fluctuation in a correlated channel can be influenced by
the parameters of, S:I:; rr; rt;M and N.

2.4. Maximum likelihood (ML) detection

Let znq denotes the observed photoelectrons within time slot q
at detector n. Therefore, Z ¼ fznq;n ¼ 1;2; � � � ;N; q ¼ 1;2; � � � ;Qg
can be used to represent the set of received observations. If one
of Q binary patterns of Xi was launched, the ML decision can then
be expressed as

X̂i ¼ argmaxXi
f ðZjXiÞ

¼ argmaxXi

Y
n

expð�kon;nÞðkon;nÞznq
znq!

Y
q2Q ðiÞ

off

expð�koff Þðkoff Þznq
znq!

2
64

3
75

ð12Þ
Since the znq!, expð�kon;nÞ and expð�koff Þ in the expression are

invariant to, then they can be removed. The impact to the ML deci-
sion outcome can be neglected. As a result, Eq. (12) can be simpli-
fied as

X̂i ¼ argmaxXi

Y
n

ðkon;nÞznq
Y

q2Qi
off

ðkoff Þznq
2
64

3
75 ð13Þ

The logarithm of Eq. (13) is

X̂i ¼ argmaxXi

X
n

znq lnðkon;nÞ þ
X
q2Q ðiÞ

off

znq lnðkoff Þ

2
64

3
75

¼ argmaxXi

X
n

znq lnðkon;nÞ þ
X
all q

znq lnðkoff Þ � znq lnðkoff Þ
" #

¼ argmaxXi

X
n

znq lnðkon;nkoff
Þ

� �
ð14Þ

Substituting Eq. (3) into Eq. (14) results in

X̂i ¼ arg maxXi

XN
n¼1

znq ln

ns
M

XM
m¼1

hnm þ nb

nb

0
BBBB@

1
CCCCA ð15Þ

Consequently, the ML detector would make a decision based on
a weighted sum over all detectors. On the other hand, the equal
gain combining (EGC) can eliminate the need for the channel state
information (CSI) at the receiver side of an un-coded MIMO WOC
system employing QPPM [3]. For the convenience of subsequent
analysis, we form column sums as
zq ¼
XN
n¼1

znq; q ¼ 1;2; � � � ;Q ð16Þ

and choose in favor of the largest.

3. Error probability analysis

3.1. Upper bound of BER

Without loss of generality, we assume each laser sends data in
the 1st time slot. Error may occurs when the observed photoelec-
trons zq in the qth time slot exceeds z1 in the 1st time slot. The cor-
rect decision probability of correlated log-normal fading channel
with background radiation is the probability that all zqðq 2 Q and
q–1Þ are smaller than z1, which can be written as

Pcorrect jA ¼ P all zq < z1
	 
 ¼ P z2 < z1½ �ð ÞQ�1 ð17Þ

Consequently, the upper bound of conditional error probability
will be

PsjA � 1� P all zq < z1jslot 1; A
	 


¼ 1� P z2 < z1jslot 1; A½ �Q�1

¼ 1�
X1
i¼1

Xi�1

j¼0

Pðz1 ¼ i; z2 ¼ jjslot 1; AÞ
" #Q�1

ð18Þ

where z1 and zq indicate the data in ‘‘on” and ‘‘off” time slots,
respectively. Thus, Eq. (18) can be written as

PsjA �1�
X1

i¼1

Xi�1

j¼0

ns
M

PM
m¼1

PN
N¼1hnm

� �
þNnb

h ii
e�

ns
M

PM

m¼1

PN

n¼1
hnm

� �
þNnb

i !

2
64

� Nnb½ � je�Nnb

j !

#Q�1

ð19Þ

Note that the upper bound depends on the sum of log-normal

RVs
PM

m¼1

PN
n¼1hnm. Abu-Dayya et al. have investigated several

approaches that can be utilized to approximate the distribution
of a sum of correlated log-normal RVs to a log-normal RV. The
investigation demonstrated that Wilkinson’s method is the best
[23]. Therefore, Wilkinson’s method is utilized to simplify the Eq.
(19).

Assume

H ¼

eg1 eg2 � � � egM

egMþ1 egMþ2 � � � eg2M

..

. ..
. . .

. ..
.

egðN�1ÞMþ1 egðN�1ÞMþ2 � � � egNM

0
BBBB@

1
CCCCA ð20Þ

and

L ¼ eg1 þ eg2 þ � � � þ egNM ffi eZ ð21Þ

where H is the channel fading matrix, L is a log-normal RV, Z is a
normal RV with mean mz and standard deviation rz.

The first-order moment of L can be written as

u1 ¼ E½L� ¼ EðeZÞ ¼ E½eg1 þ eg2 þ � � � þ egN�M � ¼ emzþr2
z =2

¼
XNM
i¼1

emgi
þr2

gi
=2 ð22Þ

The second-order moment of L can be written as



Fig. 2. BER performance of different correlation scenarios.

Fig. 3. BER as a function of different number of antennas.
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u2 ¼ E½L2� ¼ E½e2Z � ¼ E½ðeg1 þ eg2 þ � � � þ egN�M Þ2� ¼ e2mzþ2r2
z

¼
XNM
i¼1

E½ðegi Þ2� þ 2
XNM�1

i¼1

XNM
j¼iþ1

E½egiþgj �

¼
XNM
i¼1

e2mgi
þ2r2

gi þ 2
XNM�1

i¼1

XNM
j¼iþ1

femgi
þmgj � e1

2ðr2
gi
þr2

gj
þ2qijrgi

rgj
Þg ð23Þ

where qij is the correlation coefficient of gi and gj.
It can be derived from Eqs. (22) and (23) that

mz ¼ 2 lnu1 � 1
2
lnu2 ð24Þ

and

r2
z ¼ lnu2 � 2 lnu1 ð25Þ
Therefore, the pdf of L can be written as

f ðLÞ ¼ 1
2pr2

z

� �
L
exp � ln L�mz

2r2
z


 �
ð26Þ

As a result, the Eq. (19) can be simplified as [24]

PsjL � 1�
X1
i¼1

Xi�1

j¼0

ns
M L
� �þ Nnb

	 
ie� ns
MLð ÞþNnb

i !
� Nnb½ � je�Nnb

j !

" #Q�1

ð27Þ

Consequently, the upper bound of expected error probability
can be described as

Ps ¼
Z

PsjLf ðLÞdL

� 1�
Z 1

0

X1
i¼0

Xi�1

j¼0

nsL
M þ Nnb

	 
i
e�

nsL
M þNnb

i!
� ½Nnb� je�Nnb

j!

" #Q�1

� f ðLÞdL ð28Þ
Considering that Pb ¼ ððQ=2Þ=ðQ � 1ÞÞPs [3], the upper bound of

BER can then be expressed as

Pb � Q
2ðQ � 1Þ �

Q
2ðQ � 1Þ

�
Z 1

0

X1
i¼1

Xi�1

j¼0

nsL
M þ Nnb

	 
i
e�

nsL
M þNnb

i!
� Nnb½ � je�Nnb

j!

" #Q�1

� f ðLÞdL ð29Þ
This equation reveals the upper bound of BER related to the

parameters of Q , M, N, Es, Eb, Rt and Rr .

3.2. Numerical investigation

Numerical simulations were carried out by MATLAB with
parameters g ¼ 0:5, S:I: ¼ 0:6, Q ¼ 4; k ¼ 1550 nm and
Eb ¼ �170 dBJ.

Fig. 2 shows the BER performance of MIMO WOC system in dif-
ferent correlation scenarios. The spatial correlation coefficient is
set as 0.6, the number of transmitting antennas and receiving
antennas are all set as 2. It is evident from the figure that spatial
correlation has a significant impact on the system performance.
The influence of transmitter correlation and receiver correlation
to system BER are almost the same. The impact of complete corre-
lation is more serious than partial correlation. For example, the
complete correlation only has BER ¼ 10�2 while the transmitter
correlation and receiver correlation have BER ¼ 10�4.

Fig. 3 illustrates the BER curves versus Es with different number
of antennas. It can be found from the figure that the receiver diver-
sity has better performance in resistance of antenna correlation
caused channel fading. Moreover, it can be discovered from the fig-
ure that 1� 2 and 2� 1 systems have better performance than
1� 3 and 3� 1 systems over spatial correlated channel. This
means that the benefits arising from increasing the number of
antennas are not enough to compensate for the loss caused by
channel correlation.

Fig. 4 shows the BER curves versus Es under different correlation
coefficients in a 2� 2 WOC system. Note that the higher the corre-
lation coefficient the worse the system performance. This indicate
that the high channel correlation will seriously affect the system
performance.
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Fig. 5 represents the BER of complete correlated MIMO WOC
channel with different S.I. The increase of S.I. leads to worse BER.
This indicates that the stronger atmosphere turbulence will seri-
ously affect the correlation channel error performance.

4. Channel capacity

According to Eq. (1), the channel capacity of the optical MIMO
system can be defined by

C ¼ maxpðxÞIðx; yÞ ð30Þ
where pðxÞ is the pdf of vector x. The mutual information Iðx; yÞ can
be described as

Iðx; yÞ ¼ HðyÞ � HðyjxÞ ð31Þ
where HðyÞ is the entropy of vector y. HðyjxÞ is the conditional
entropy. Mutual information reaches the maximum when the input
symbols are equiprobable in a symmetric channel. Consequently,
HðyÞ and HðyjxÞ can be written as

HðyÞ ¼ log2Q ð32Þ
and

HðyjxÞ ¼ log2Q � exp �
gEs

XM
m¼1

XN
n¼1

hnm

hfM

0
BBBB@

1
CCCCA ð33Þ

Therefore, the instantaneous channel capacity of optical MIMO
system without background radiation can be given by

C ¼ log2Q � 1� exp �
gEs

XM
m¼1

XN
n¼1

hnm

hfM

0
BBBB@

1
CCCCA

2
66664

3
77775 ð34Þ

Eq. (34) reveals that the instantaneous channel capacity is a
random variable on fading channel. Therefore, it is a more mean-
ingful way to get the ergodic channel capacity

Cavg ¼ E½C� ¼
Z 1

0

Z 1

0
� � �

Z 1

0|fflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflffl}
MN

f ðhnmÞlog2Q

� 1� exp �
gEs

XM
m¼1

XN
n¼1

hnm

hfM

0
BBBB@

1
CCCCA

2
66664

3
77775dh11 � � �dhNM|fflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflffl}

MN

ð35Þ
It is complex to perform the M � N-fold integration. As in Sec-
tion 3, we approximate the sum of log-normal RVs

PM
m¼1

PN
n¼1hnm

as another log-normal RV L. Thus, the ergodic channel capacity of
correlated optical MIMO system can be written as

Cavg ¼ EHðCÞ ¼
Z 1

0
f ðLÞlog2Q � 1� exp �gEsL

hfM


 �� �
dL ð36Þ

The approximation is much simpler than its former version
since it only requires a single integration. As a result, it can be fur-
ther simplified as

Cavg ¼ log2Q � log2Q �
Z 1

0
f ðLÞ exp �gEsL

hfM


 �
dL ð37Þ

To further illuminate the ergodic channel capacity of MIMO
WOC communication systems, comparisons of the foregoing anal-
ysis and equations under different correlation mechanisms and
correlated coefficients were carried out.

Fig. 6 shows the ergodic channel capacity with different number
of time slots when using QPPM. Both exact and approximate
expressions (Eqs. (35) and (37)) are depicted in the figure. It is evi-
dent from the figure that the curves of approximate ergodic chan-
nel capacity are close enough to the corresponding exact curves.
Note that the computation complexity of approximate ergodic
channel capacity is lower than the exact one. Therefore, the slight
performance loss is acceptable for the approximation.

Fig. 7 shows the ergodic channel capacity of a 4� 4 MIMO WOC
system with different correlation coefficients ranging from 0.1 to
0.9, where the parameters are set as follows, g ¼ 0:5,
Q ¼ 8; S:I: ¼ 0:6 and k ¼ 1550 nm. The curves of independent
Fig. 7. Ergodic channel capacity for different correlation coefficients.
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Fig. 9. The ergodic channel capacity of complete correlated MIMO WOC channel.
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Fig. 10. The ergodic channel capacity of correlated MIMO WOC channel with
different S.I.
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4� 4 MIMOWOC system and single input single output (SISO) sys-
tem are also presented for comparison. As anticipated earlier, the
independent system has the best performance. The ergodic chan-
nel capacity reduces slightly when the correlation coefficient r is
small. The ergodic channel capacity reduction becomes significant
when r > 0:5. The ergodic channel capacity is even lower than that
of SISO system when r > 0:8.

Fig. 8 demonstrates the influence of different antenna numbers
to the ergodic channel capacity. When there is only one receiving
antenna, as shown in Fig. 8(a), the influence increases with the
increasing of transmitting antenna numbers. Particularly, in strong
correlated channel (i.e. r ¼ 0:8), the increase of transmitting
antenna number will result in channel capacity reduction. The ben-
efits arising from transmitting antenna number increasing are not
enough to compensate for the channel correlation caused loss.
Fig. 8(b) shows the influence of different receiving antenna num-
bers to the channel capacity when there is only one transmitting
antenna. Obviously, the ergodic channel capacity increment
brought by reception diversity is much higher than the loss caused
by spatial channel correlation.

Fig. 9 represents the ergodic channel capacity of complete cor-
related MIMO WOC channel when r 2 0:3; 0:8f g. Note that in a
weak spatial correlated channel, the ergodic channel capacity
increases significantly with the antenna number increasing. But
in a strong spatial correlated channel, the ergodic channel capacity
suffers more damage with more antennas, which is reflected in
worse system performance. Furthermore, its performance is even
worse than that in SISO systems at high launch power. Therefore,
MIMO technology is not an ideal solution for strong spatial corre-
lated channels.

Fig. 10 shows the ergodic channel capacity of correlated MIMO
WOC channel with different S.I. As one might expect, the strong
atmosphere turbulence will reduce the ergodic channel capacity.
5. Conclusion

We analyzed a correlated MIMO WOC system employing QPPM
over log-normal fading channel. The analytic expressions for both
error bit rate and ergodic channel capacity have been derived with
the help of Wilkinson’s method. The analysis shows the unfavor-
able effects from spatial channel correlation of multiple antennas
and detectors. Reception diversity is found to be more competent
to resist spatial channel correlation compared to transmission
diversity. This work may helpful to configure the antennas of
MIMO WOC system rationally.
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