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Abstract In this paper, two kinds of transient models, the viscoelastic model and the linear
elastic model, are established to analyze the curing deformation of the thermosetting resin
composites, and are calculated by COMSOLMultiphysics software. The two models consider
the complicated coupling between physical and chemical changes during curing process of the
composites and the time-variant characteristic of material performance parameters. Subse-
quently, the two proposed models are implemented respectively in a three-dimensional
composite laminate structure, and a simple and convenient method of local coordinate system
is used to calculate the development of residual stresses, curing shrinkage and curing defor-
mation for the composite laminate. Researches show that the temperature, degree of curing
(DOC) and residual stresses during curing process are consistent with the study in literature, so
the curing shrinkage and curing deformation obtained on these basis have a certain referential
value. Compared the differences between the two numerical results, it indicates that the
residual stress and deformation calculated by the viscoelastic model are more close to the
reference value than the linear elastic model.

Keywords Three-dimensional finite element analysis . Thermosetting composite . Residual
stress . Curing Shrinkage . Deformation

1 Introduction

The thermosetting resin composites are widely used in the field of aerospace with its high
specific strength, high specific stiffness and other excellent mechanical properties. However,
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during the curing process of composite materials, several phenomena, such as inherent
anisotropy, thermal expansion, chemical shrinkage and materials degradation or relaxation,
can lead to the generation and development of residual stress and deformation of the composite
structures [1–3]. Thus, it is imperative to reduce the residual stress and control the curing
deformation in improving the quality of composites forming and reducing costs. The tradi-
tional method of compensating the mold surface is time consuming and laborious. Adopting
computer finite element analysis technology can effectively analyze and predict the curing
process of composites.

In recent years, many scholars have used finite element analysis method to simulate the
curing deformation of composite materials [4–12], and different models have been presented to
predict the stress and deformation due to non-uniform temperature and DOC [13–20]. Owe to
suitable constitutive models including aforementioned factors, the stress and deformation of
the composite structures can effectively describe the mechanical response evolution during
cure cycle. Among them, elastic model and viscoelastic model are the common metods to
predict the residual stress development for the composites. It is generally known that the
polymer shows viscoelastic properties during cure cycle, especially at heat-up cycle and hold
cycle. Linear elastic model can only be used to predict the internal stress developing at cool-
down cycle, and the stress development during curing is neglected [21, 22]. It cannot describe
the viscoelastic behavior of the composites during curing. Therefore, some other researchers
prefer viscoelastic constitutive model to describe the viscoelastic characteristic for the com-
posite materials during cure cycle [23, 24]. Because the curing of composite materials is a
multi-physics coupling problem about temperature, DOC and stress field, combining these
constitutive models with FEA, the internal stress and deformation of the composite laminates
during whole cure process can be predicted effectively and accurately [25]. Although visco-
elastic model has obvious advantage in increasing accuracy, the scarcity of experimental
evidence, long runtimes and difficult numerical implementation are the stumbling blocks for
its extensive application [26]. Therefore, the linear elastic model is sometimes a better choice
in the case of low accuracy standard.

In this paper, both the linear elastic model and the viscoelastic model are employed in a
three-dimensional composite laminate structure with the performance parameters of the AS4/
3501-6 carbon fiber epoxy resin to calculate process-induced residual stress and deformation
during cure cycle of the composite laminates. Then, the simulation results from two different
models are compared with each other, and the existing simulation results in literature are used
as references. Finally, the suitable model can be selected on the basis of practical conditions
and requirements according to the comparative result.

2 Theoretical Model and Relevant Material Parameters

2.1 Heat Conduction Equation

The heat of the composite material is mainly derived into two aspects. First, the external
heat of the composite material is transferred to the composite material structure, and the
other part is the nonlinear heat source produced by the chemical reaction of the matrix
resin curing process. In this paper, we use Fourier heat conduction law and energy balance
to establish mathematical model [1, 2]. The three-dimensional transient heat conduction
control equation is:
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where ρc and Cpc are the density and the specific heat capacity of the composites,
respectively; kx, ky and kz are the anisotropic thermal conductivities of the composites in
the x, y and z directions; t is the absolute time; T is the transient temperature of the
composites at time t, and Q is the internal heat source, which can be expressed by the
following equation:
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� �

HR
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ð2Þ

where ρr is the density of the resin matrix; vf is the fiber volume fraction of the composites;
α and dα/dt are the DOC and the curing rate of the resin matrix, respectively, and HR is the
total release heat during curing.

During the curing process, the thermo-physical properties of the composites and their
constituents, including density, specific heat capacity and thermal conductivity vary with
temperature and DOC. The thermo-physical properties of AS4 carbon fiber and 3501-6 epoxy
resin are shown in Table 1, and the thermo-physical properties of the composites can be
calculated by the rule of mixtures (15)-(18) presented in Appendix.

2.2 Cure Kinetics Model

The curing reaction of the resin matrix is a heat-activated complex chemical cross-linking
reaction, so most of the equations related to the kinetics of the curing reaction are based on the
empirical model. In this paper, we use the phenomenological kinetic model, which does not
take into account the dynamic mechanism of the whole reaction process, only a simple formula
to represent the interaction of the parameters in the reaction. For 3501-6 epoxy resin, the curing
kinetics equation is [1, 2, 27]:

dα
dt

¼ K1 þ K2αð Þ 1−αð Þ 0:47−αð Þ α≤0:3
dα
dt

¼ K3 1−αð Þ α> 0:3

8><
>: ð3Þ

where Ki (i = 1, 2, 3) are the curing rate constants, and can be defined generally by the
Arrhenius equations:

Ki ¼ Aiexp
−ΔEi

RT

� �
; i ¼ 1; 2; 3ð Þ ð4Þ

Table 1 Thermo-physical properties of AS4 carbon fiber and 3501-6 epoxy resin [1, 2, 27]

Property Value

Resin density ρr (kg ⋅m−3) 90αþ 1232 α≤0:45ð Þ 1272 α≥0:45ð Þ
Fiber density ρf (kg ⋅m−3) 1790
Resin specific heat capacity Cpr (J ⋅ kg−1 ⋅K−1) 4184[0.468 + 5.975 × 10−4T − 0.141α]
Fiber specific heat capacity Cpf (J ⋅ kg−1 ⋅K−1) 1390 + 4.50T
Thermal conductivity of resin kr (W ⋅m−1 ⋅K−1) 0.04184[3.85 + (0.035T − 0.141)α]
Thermal conductivity of fiber kf (W ⋅m−1 ⋅K−1) 0.742 + 9.02 × 10−4T
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where R is the universal gas constant;ΔEi are the activation energies, and Ai are the frequency
factors obtained from experiments. The cure kinetic parameters of 3501-6 epoxy resin are
shown in Table 2.

2.3 Elastic Model

Residual stress is usually caused by thermal expansion and chemical shrinkage. Thus, the
stress-strain relation can be defined as [28]:

σf g ¼ E½ � εtotf g− εtcf gð Þ þ σ0f g ð5Þ
in which:

εtcf g ¼ εthf g þ εchf g ¼ ϕΔTf g þ φΔαf g ð6Þ
where σ and σ0 are the internal stress and initial stress, respectively; E is the elastic modulus;
εtot, εtc, εth, and εch are the total strain, free thermo-chemical strain, thermal expansion strain
and chemical shrinkage strain, respectively, and free thermo-chemical strain is the superposi-
tion of the thermal strain and chemical shrinkage strain; ϕ and φ are the coefficient of thermal
expansion (CTE) and chemical shrinkage (CCS) in each direction. The elastic modulus of resin
can be expressed as:

Em ¼ 1−
α−αgel

1−αgel

� �
E0
m þ α−αgel

1−αgel
E∞
m ð7Þ

where E0
m and E∞

m are the elastic modulus of uncured and completely cured resin; αgel is the
DOC at gel point of the resin.

2.4 Viscoelastic Model

In the curing process, the thermal expansion and chemical shrinkage of the composite
laminates are liable to cause residual stresses. Using the time-cure-temperature superposition
method and assuming that the laminates have no strain occurs before t = 0, the stress of the
viscoelastic material can be determined by the following formula [23, 24, 29]:

σ tð Þ ¼ ∫t0C α; T ; t−τð Þ d
dτ

εtot τð Þ−εtc τð Þ
h i

dτ ð8Þ

in which:

εtc ¼ εth þ εch ¼ ϕΔT þ φΔα ð9Þ
where C is the relaxation stiffness matrix as functions of DOC, temperature and time; t, τ, εtot

Table 2 Cure kinetic parameters of 3501-6 epoxy resin [1, 2, 27]

Parameter Value Parameter Value

A1 (min
−1) 2.102 × 109 ΔE1 (J/mol) 8.07 × 104

A2 (min
−1) −2.014 × 109 ΔE2 (J/mol) 7.78 × 104

A3 (min
−1) 1.96 × 105 ΔE3 (J/mol) 5.66 × 104

HR (J/kg) 1.989 × 105 R (J ⋅mol‐1 ⋅K‐1) 8.3143
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and εtc are the current time, past time, total strain and free thermo-chemical strain, respectively.
Free thermo-chemical strain includes thermal expansion strain, εth, and cure shrinkage
strain, εch. ϕ and φ are the coefficient of thermal expansion (CTE) and shrinkage

expansion (CSE) in each direction, respectively. In this paper, the double underlines
and single underlines are respectively used to indicate the matrices and vectors. Accord-
ing to the characteristics of thermorheologically simple materials at a constant DOC, Eq.
(8) can be rewritten as:

σ tð Þ ¼ ∫t0C ξ tð Þ−ξ0
τð Þ

� � d
dτ

εtot τð Þ−εtc τð Þ
h i

dτ ð10Þ

in which:

ξ tð Þ ¼ ∫t0
dt

0

aT αref ; T t0ð Þ� 	 ; ξ τð Þ ¼ ∫τ0
dt

0

aT αref ; T t0ð Þ� 	 ð11Þ

where ξ(t) and ξ(τ) are the current reduced time and past reduced time, respectively; αref

is reference DOC, and aT is the shift factor which allows for time-temperature
superposition.

Based on the generalized Maxwell model with n Maxwell elements in parallel, the
relaxation modulus of a viscoelastic material can be expressed by a Prony series as [30]:

E α; ξð Þ ¼ E∞ αð Þ þ Eu αð Þ−E∞ αð Þ½ �∑
n

i
Wi αð Þexp −ξ α; Tð Þ

τ i εð Þ

 �

ð12Þ

where E∞ and Eu are the fully relaxed and unrelaxed modulus. Wi is weigh factor. Based
on the micro-mechanics theory [1], the proposed relaxation modulus and the unrelaxation
materials properties, such as elastic modulus, shear modulus, Poisson’s ratio, CTE and
CSE, can be used to calculate the viscoelastic behavior of the anisotropic composites
laminates accurately. The relaxation time and trade-off factors for AS4/3501-6 at refer-
ence curing degrees are shown in Table 3. Since the modulus in the fiber direction
mainly reflects the performance of the fiber, and is constant, it is generally considered
that E1

u
N is equal to E∞ for the fiber-reinforced material, so that the non-relaxation

modulus of each Maxwell unit can be expressed as [2]:

Table 3 Relaxation times and
weight factors at the reference de-
gree of cure (αr = 0.98) [1]

m τm(min) Wm

1 2.922137e1 0.0591334
2 2.921437e3 0.0661255
3 1.82448e5 0.0826896
4 1.1031059e7 0.112314
5 2.8305395e8 0.154121
6 7.9432822e9 0.2618288
7 1.953424e11 0.1835594
8 3.3150756e12 0.0486939
9 4.9174856e14 0.0252258
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The unrelaxed mechanical properties (i.e. elastic mechanical properties) of AS4/3501-6
prepreg constituents are shown in Table 4. In addition, the mechanical properties of AS4/3501-
6 prepreg can be calculated by micromechanical formulas (22)-(30) presented in Appendix.

3 Simulation Model Implementation

Based on the theoretical model proposed in the previous section, finite element analysis
software (version 4.3b) of the COMSOL multi-physics coupling is used to simulate the curing
process of the composite laminate. The simulation of curing process-induced residual stress
and deformation for the composites is implemented by the linear elastic approach and the
viscoelastic approach. The two sets of the results are compared with each other while White
and Kim’s research is also used as the reference [31, 32].

The two models respectively consist of three parts: a heat transfer module, a curing kinetic
module and amechanical (linear elastic or viscoelastic) module. There is a certain coupling between
these modules. The two modules of heat conduction and curing kinetics are coupled to each other
and are collectively referred to as thermochemical module. The calculation of these modules can be
achieved by calling the corresponding application module in COMSOL software:

(1) Using the software ‘heat transfer’ application module to simulate the heat conduction
model. In the module, enter the initial temperature of the material, the curing process
parameters (boundary conditions) and the thermo physical performance parameters (see

Table 4 Elastic mechanical properties of AS4/3501–6 prepreg constituents [1, 2, 23]

Poperty AS4 carbon fiber 3501-6 epoxy resin

Longitudinal elastic modulus E1 (GPa) 206.8 3.2
Transverse elastic modulus E2 = E3 (GPa) 17.2 3.2
In-plane shear modulus G12 =G13 (GPa) 27.58 1.185
Transverse shear modulus G23 (GPa) 6.894 1.185
In-plane Poisson’s ratio υ12 = υ13 0.2 0.35
Transverse Poisson’s ratio υ23 0.3 0.35
Longitudinal CTE ϕ1 (1/

∘C) −9 × 10−7 5.76 × 10−5

Transverse CTE ϕ2 = ϕ3 (1/
∘C) 7.2×10−6 5.76 × 10−5

Longitudinal CSE φ1 0 −0.01695
Transverse CSE φ2 =φ3 0 −0.01695
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Table 1). At the same time, the curing value obtained from the second module is called by
calculating the three-dimensional transient heat conduction control Eq. (1), and then the
temperature distribution of each node at the current time is obtained, which is the curing
temperature field of the laminates.

(2) Using the ‘coefficient type partial differential equation’ application module in the
software to simulate the curing dynamics model. The general form of the
coefficient partial differential equation is:

Fig. 1 Flow diagram of coupling calculation of curing process
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f ¼ ea
∂2u
∂t2

þ da
∂u
∂t

þ ∇⋅ −c∇u−αuþ γð Þ þ β⋅∇uþ au ð14Þ

where u and t are the dependent variable and the transient time respectively; c, a, ea, da, α, β
and γ are the undetermined coefficients. f is the source term. By appropriately setting the
coefficients and source terms, the formula (14) is transformed into the form of the curing
kinetics Eq. (3). The initial curing degree and the curing kinetics parameter (see Table 2) are
input and the calculation is performed by the heat transfer module. The temperature distribu-
tion of the composite skin is obtained by solving the Eq. (3).

(3) Simulating the mechanical model by using the ‘Structural Mechanics’ application mod-
ule. In this item, entering the boundary load, relaxation factor, relaxation time (see
Table 3) and elastic mechanical performance parameters (see Table 4), and calling the
‘heat transfer’ module and the ‘coefficient type partial differential equation’ module. The
residual stress distribution, curing shrinkage and curing deformation of the laminates are
obtained by solving the strain Eqs. (8) and (9).

Figure 1 is a flow diagram of coupling calculation of curing process. The new state
parameters calculated in the above process are resin density, specific heat capacity, thermal
conductivity, thermal expansion coefficient and modulus, etc.. It needs to update these state
parameters in the next analysis step to solve the coupling.

4 Material Model Verification

A same-thickness-plies orthotropic composite laminate with a stacking sequence of [0∘ / 90∘ /
90∘ / 0∘] is taken as an example, as shown in Fig. 2. Its size is about 10.16cm × 10.16cm ×
2.54cm. Through the effective grid verification, a hexahedral mesh is employed as refined

Fig. 2 Schematic of the composite laminates
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mesh (see in Fig. 3). The number of elements for per layer is 2304, and the total number is
9216. AS4/3501-6 prepreg containing AS4 fibers preimpregnated with 3501-6 epoxy resin is
used as the primary material, and the performance parameters of 350-6 epoxy resin and AS4
carbon fiber material are shown in Tables 1 and 4.

Cure cycle recommended from the manufacturer (the short dash line shown in Fig. 4) is
used in these simulations. It consists of five stages: the first heating stage in which the
temperature is increased from 25 °C to 116 °C at the rate of, after 1 h of incubation and then
enters the second holding stage with the same ramp rate to 177°C, and finally, cool-down cycle
with a ramp rate of −2.5 °C / min from 177 °C to 25 °C. Two boundary conditions are set at the
interface between the mold and the component: heat and pressure. As shown in Fig. 3, the
curing process parameters of the mold heating are provided on the outer surface of the
laminate, and a pressure load of 689 kPa is applied to the side and bottom surfaces.

Cure cycle temperature (marked in red)

(marked in blue)689P kPa=

T =

Fig. 3 Boundary conditions and meshing of the composite laminates
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Fig. 4 Development of temperature in central point (5.08, 5.08, 1.27) of the composite laminate under
manufacture recommended cure cycle
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5 Results and Discussion

5.1 Thermo-chemical Analysis

Figures 4 and 5 show the comparison of the temperature and DOC in central point (5.08, 5.08,
1.27) for the laminate between the linear elastic model and the viscoelastic model respectively
under manufacture recommended cure cycle. The other result presented by Kim and White [31]
are also displayed. Figure 6 is the development of temperature on a line from surface point (5.08,
5.08, 0) to central point (5.08, 5.08, 1.27) of the composite laminate. It can be seen from these
figures that the calculated results of the two models are very close to those in literature. In the first
heating stage, since the external first heat, and the internal resin has not yet violent reaction, so the
center temperature is lower than the ambient temperature. In the next incubation stage, the center
temperature rises rapidly and reaches the first peak 122 °C at 45 min., while the cross linking rate
accelerates as the result of heat conduction and reaction heat accumulation. In the secondwarming
stage, the center temperature is again lower than the ambient temperature due to the lower thermal
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Fig. 5 Development of DOC in central point (5.08, 5.08, 1.27) of the composite laminate under manufacture
recommended cure cycle
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Fig. 6 Development of temperature on a line from surface point (5.08, 5.08, 0) to central point (5.08, 5.08, 1.27)
of the composite laminate
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conductivity and thermal conductivity of the composite, but the cross-linking reaction is more
intense. After entering the second incubation stage, the high temperature region is transferred to
the inside again with the heat transfer and the internal heat release, and reaches the second peak at
187 °C at 131 min. Finally, during the cooling phase, as the curing reaction is substantially
complete, the heat release is reduced and the center temperature gradually approaches room
temperature. The results indicate that both the heat conduction and cure kinetics modules are quite
qualified to simulate thermo-chemical response for the composite laminate during cure cycle.

5.2 Residual Stress Analysis

In this section, the development of process-induced residual stress is analyzed. The cure shrinkage
is the major factor leading to residual stress generation, and it is composed of the chemical
shrinkage and thermal strains. Figure 7 shows the altered state of thermal strain in different
directions at the points 5.08, 0 and 1.27 for the composite laminate during cure cycle. Thermal
strain in the longitudinal direction is negligible, and those in through-thickness and transverse
directions change obviously, especially during two heating stages. But the difference between the
linear elastic model and the viscoelastic model is great during heating and holding stages since the
former doesn’t consider the relaxation properties of materials. Figure 8 shows Comparison of cure
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Fig. 7 Comparison of thermal strain in different directions at the point (5.08, 0, 1.27) from the linear elastic and
viscoelastic models
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Fig. 8 Comparison of cure shrinkage in the through-thickness direction from the linear elastic and viscoelastic models
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shrinkage in the through-thickness direction from these two models. The same to the contrast
result of thermal strain, the chemical shrinkage of the two models is very different from the
simulated DOC during cure cycle. Because of the lateral pressure, the chemical shrinkage in x and
y directions are negligible while the one in the through-thickness direction is obvious.

Figures 9 and 10 show the simulated results of elastic modulus in through-thickness
direction and shear modulus development calculated respectively by the linear elastic
model and the viscoelastic model during cure cycle. Obviously, both the elastic and shear
modulus calculated by the viscoelastic approach increases slowly during curing and
continues growing during cool-down stage. Moreover, there is a great difference between
the two models.

Figures 11 and 12 show the development of interlaminar normal stress σ3 at the points
5.08, 0, 1.27 and transverse stress σ2 in the 0∘ ply at x = 5.08 and y = 5.08 of the laminate.
It can be seen that the results of the viscoelastic model are well consistent with that
presented by White and Kim [32]. Figure 11 shows that the final stress for the normal
stress from the linear elastic model is 28.2 MPa, which is 20% greater than the viscoelastic
solution, while the final stress for the transverse stress from the linear elastic model in Fig.
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Fig. 9 Comparison of elastic modulus in through-thickness direction during cure cycle from the linear elastic
and viscoelastic models at constant frequency 0.1 Hz
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Fig. 10 Comparison of shear modulus during cure cycle from the linear elastic and viscoelastic models at
constant frequency 0.1 Hz
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Fig. 11 Development of interlaminar normal stress σ3 at the point (5.08, 0, 1.27) of the composite laminate
under manufacture recommended cure cycle
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Fig. 13 Contours of Von Minses stresses on the cross section y = 5.08 at the end of cure cycle from the two
models. a Linear elastic model, b Viscoelastic model
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12 is 35.9 MPa, which is 14% greater than the viscoelastic solution. Figure 13 illustrates
the von Minses stress distribution of the composite laminate on the cross section y = 5.08
after cool-down predicted by the linear elastic model and the viscoelastic model
respectively.

5.3 Curing Deformation Analysis

Maximum deformation defined as the maximum absolute displacement in the through-
thickness direction is introduced to indicate the gap of the deformation between the
viscoelastic and modified CHILE models. Figure 14 shows the curing deformation
contour predicted by the linear elastic model and the viscoelastic model after cool-
down. It is evident that the laminate curves identically from four corners due to the
symmetrical and uniform laying of the fibers. And the degree of deformation predict-
ed by the linear elastic model is larger than the viscoelastic model’s. The maximum
deformation estimated by the linear elastic model is 0.81 cm, which is 0.08 cm larger
than the viscoelastic model’s (0.73 cm).

Besides prediction accuracy, a significant difference of computation time is also
observed between the two models. In heating and holding stages, the linear elastic
model approximately runs 14 times faster than the viscoelastic model.

Fig. 14 Contours of the deformation after cool-down predicted by the two models. a Linear elastic model, b
Viscoelastic model
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6 Conclusions

In this paper, the three-dimensional transient multi-physics coupling finite element analysis
method has been used to simulate the curing process of the composites. Both the linear elastic
model and viscoelastic model have been presented to predict temperature, DOC, process-
induced residual stress and deformation for the thermosetting resin composite laminates. The
coupling relationship between the physical and chemical changes has been taken into account.

A four-layer composite laminate has been established to validate the two simulation models.
The results showed that the curing temperature, DOC, cure shrinkage and residual stress predicted
by the viscoelastic model are in good agreement with those obtained by Kim andWhite, but in the
linear elastic model, there are only temperature and DOC to be consistent with results of literature.
In addition, the maximum deformation obtained from the linear elastic model is obviously larger
than that calculated by the viscoelastic model within acceptable limits.

Moreover, the linear elastic model could replace the viscoelastic model within the margin of
error for a much more efficient numerical implementation and shorter computation time. It
suggested that these two models proposed in this paper have strong applicability, and have
certain guiding significance to improve the curing process parameters and control the curing
deformation of the skin surface parts.
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Appendix

This appendix presents micromechanical homogenization equations which used to determine
the overall composite properties of unidirectional lamina. Noted that subscripts f and r
represent fiber and resin, respectively. The thermo-physical properties of the composites,
including the density, ρ, the specific heat capacity, Cp, and the longitudinal thermal conduc-
tivity, kL, (x -direction in Eq. (1)), can be respectively calculated by the following rule of
mixtures [33]:

ρ ¼ v f ρ f þ 1−v f
� �

ρr ð15Þ

Cp ¼
ρ f v f Cpf þ ρr 1−v f

� �
Cpr

ρ
ð16Þ

kL ¼ v f k f þ 1−v f
� �

kr ð17Þ
The transverse thermal conductivity of the composites, kT, (y and z -direction in Eq. (1)) can

be calculated based on the E-S model [34]. It is given as:

kT
kr

¼ 1−2
ffiffiffiffiffiffiffiffiffiffiffi
v f
.
π

r� �
þ 1

2B
π− 4

. ffiffiffiffiffiffiffiffi
1−β

p� �
tan−1

ffiffiffiffiffiffiffiffi
1−β

p .
1þ β

� �h i
ð18Þ
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in which:

β ¼ B2v f
.
π ð19Þ

B ¼ μ kr
.
k f −1

� �
ð20Þ

μ ¼ a
.
b ð21Þ

where a and b are the axial lengths of the elliptic section of the fiber along the y -axis and
z -axis, respectively. In this paper, the cross section of the fiber is round, so a is equal to
b, i.e.μ = 1.

Self-consistent micromechanics homogenization equations [32] used to determine the
composite properties are listed in this appendix. Subscripts 1, 2 and 3 represent the principal
directions of unidirectional lamina. The Young’s modulus of the composites in the longitudinal
direction of the fiber is expressed as:

E1 ¼ E1 f v f þ Er 1−v f
� �þ 4 υr−υ12 f

� �2KrK f Grv f 1−v f
� �

K f þ Gr
� �

Kr þ K f −Kr
� �

Grv f
ð22Þ

in which:

K f ¼ E1 f E2 f

2 1−υ23 f
� �

E1 f −4υ212 f E2 f
ð23Þ

Kr ¼ Er

2 1−υrð Þ−4υ2r
ð24Þ

where E1f and E2f are the Young’s modulus of the fiber in the longitudinal direction and
transverse direction; Er is the Young’s modulus of the resin; Gr is the shear modulus of the
resin; υ12f and υ23f are the in-plane Poisson’s ratio and transverse Poisson’s ratio of the fiber; υr
is the Poisson’s ratio of the resin; Kf and Kr are the bulk modulus of the fiber and resin,
respectively.

The in-plane shear modulus of the composites is expressed as:

G12 ¼ G13 ¼ Gr
G12 f þ Gr
� �þ G12 f −Gr

� �
v f

G12 f þ Gr
� �

− G12 f −Gr
� �

v f
ð25Þ

The out-of-plane shear modulus of the composites is expressed as:

G23 ¼ Gr
G23 f þ Gr
� �

Kr þ 2G23 f Gr þ G23 f −Gr
� �

Krv f
G23 f þ Gr
� �

Kr þ 2G23 f Gr− G23 f −Gr
� �

Kr þ 2Grð Þv f
ð26Þ

where G12f and G23f are the in-plane shear modulus and out-of-plane shear modulus of the
fiber, respectively.
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The plane strain bulk modulus of the composites is expressed as:

K2 ¼
K f þ Gr
� �

Kr− K f −Kr
� �

Grv f
K f þ Gr
� �

− K f −Kr
� �

v f
ð27Þ

The Young’s modulus of the composites in the transverse direction of the fiber is expressed
as:

E2 ¼ E3 ¼ 1

1
.
4K2 þ 1

.
4G23 þ υ212

.
E1

ð28Þ

The in-plane Poisson’s ratio of the composites is expressed as:

υ12 ¼ υ13 ¼ υ12 f v f þ υr 1−v f
� �þ υr−υ12 f

� �
Kr−K f
� �

Grv f vr
K f þ Gr
� �

Kr þ K f −Kr
� �

Grv f
ð29Þ

The out-of-plane Poisson’s ratio of the composites is expressed as:

υ23 ¼ 1−
E1E2 þ 4υ212E2K2

2E1K2
ð30Þ

The longitudinal CTE of the composites is expressed as:

ϕ1 ¼
v f ϕ1 f E1 f þ 1−v f

� �
ϕmE1m

v f E1 f þ 1−v f
� �

E1m
ð31Þ

The transverse CTE of the composites is expressed as:

ϕ2 ¼ ϕ3 ¼ v f ϕ2 f þ υ12 f ϕ1 f

� �þ vm 1þ υmð Þϕm

− υ12 f v f þ υmvm
� � ϕ1 f E1 f v f þ ϕ1mE1mvm

E1 f v f þ E1mvm

ð32Þ
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