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Abstract Determination of the aerodynamic configuration of wake is the key to analysis
and evaluation of the rotor aerodynamic characteristics of a horizontal-axis wind turbine.
According to the aerodynamic configuration, the real magnitude and direction of the on-
flow velocity at the rotor blade can be determined, and subsequently, the aerodynamic
force on the rotor can be determined. The commonly employed wake aerodynamic mod-
els are of the cylindrical form instead of the actual expanding one. This is because the
influence of the radial component of the induced velocity on the wake configuration is ne-
glected. Therefore, this model should be called a “linear model”. Using this model means
that the induced velocities at the rotor blades and aerodynamic loads on them would be
inexact. An approximately accurate approach is proposed in this paper to determine the
so-called “nonlinear” wake aerodynamic configuration by means of the potential theory,
where the influence of all three coordinate components of the induced velocity on wake
aerodynamic configuration is taken into account to obtain a kind of expanding wake that
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approximately looks like an actual one. First, the rotor aerodynamic model composed
of axial (central), bound, and trailing vortexes is established with the help of the finite
aspect wing theory. Then, the Biot-Savart formula for the potential flow theory is used to
derive a set of integral equations to evaluate the three components of the induced velocity
at any point within the wake. The numerical solution to the integral equations is found,
and the loci of all elementary trailing vortex filaments behind the rotor are determined
thereafter. Finally, to formulate an actual wind turbine rotor, using the nonlinear wake
model, the induced velocity everywhere in the wake, especially that at the rotor blade,
is obtained in the case of various tip speed ratios and compared with the wake boundary
in a neutral atmospheric boundary layer. Hereby, some useful and referential conclusions
are offered for the aerodynamic computation and design of the rotor of the horizontal-axis
wind turbine.

Key words nonlinear wake aerodynamic model, vortex-induced velocity, integral equa-
tion of vortex-induced velocity, horizontal-axis wind turbine
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1 Introduction

Determining an aerodynamic model for the wake behind the rotor of a horizontal-axis wind
turbine is an important step towards analysis and evaluation of its aerodynamic characteristics.
Actual observations, experiments, and theoretical analysis have been used to verify that the
wake behind the rotor is a complicated vortex system. Different aerodynamic models of the
vortex system have particular influence on the aerodynamic loads on the rotor blades. Different
models result in different induced velocities at the blades so that the magnitudes, directions,
and attack angles of the actual on-flows will be altered differently. Successful and simple wake
aerodynamic models currently available are for a vortex system composed of helical vortex
filaments on a cylindrical stream surface, for example, Glauert’s model[1], Spera’s model[2–3], the
linear model modified from air screw[4–7], and the model presented by Madsen and Rasmussen[8].
Besides, a wake model with lifting surface description of the propeller blades has been proposed
by Kerwin and Lee[9] for the design and analysis of propellers. Baltazar et al.[10] presented
a numerical wake alignment method implemented in combination with the panel method. A
unified lifting line method for the design and analysis of axial flow propellers and turbines was
presented by Epps and Kimball[11]. Menéndez et al.[12] proposed a propeller design optimization
procedure using the lifting line method to realize wake alignment. José and Falcão[13] studied
the classical lifting line optimization of a horizontal-axis turbine. Melo’s method[14] analyzes the
flow around horizontal-axis wind turbines based on the lifting line theory and neglects the effect
of the radial velocity component. Simplified models cause bigger differences with respect to the
actual aerodynamic configuration of the wake and insufficient accuracy of rotor aerodynamic
evaluation.

Considering these facts, a model of wake aerodynamic configuration similar to that of an
actual wake is proposed in this work. Using this model, the loci of all elementary trailing
vortex filaments shed from the trailing edge of the blade and the wake boundary formed by the
outermost vortex filament are presented, and the induced velocity at any point within the wake
is determined thereafter. Thus, a complete aerodynamic configuration of the wake is given in
Fig. 1. By doing so, more accurate induced velocities at the rotor and the aerodynamic load on
it can be obtained.

The solution presented herein for wake aerodynamic configuration is based on the potential
theory. The air steam is assumed to be inviscid and incompressible so that the Biot-Savart
law[15] can be used to calculate the velocity field induced by a spatial vortex system at any
point in the flow field.
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Fig. 1 Helical aerodynamic model of nonlinear wake

2 Aerodynamic model of wake

To analyze the wake configuration, a cylindrical coordinate system is established on the
turbine rotor, as shown in Fig. 1. The rotor blade can be considered as a rotary wing with finite
aspect[16], and the elementary vortexes shed from the blade trailing edge form a set of helical
vortex sheets, whose number is equal to the number of blades. The trailing vortex sheets will
propagate to an infinite distance downstream together with the air-flow (wind) while expanding
outwards to form an expanding and rotating wake behind the rotor. Moreover, the blade itself
will form a simplified bound vortex line (lifting line) with variable circulation. Because the
vortex cannot break down in ideal fluid flow, another vortex (axial or central vortex) exists at the
blade root and propagates to infinity along the rotor axis and close the vortex system. Figure 1
is a schematic diagram of the aerodynamic model of the wake composed of the aforementioned
three kinds of vortexes (only one trailing vortex sheet behind a blade is depicted here).

It is logical to envisage that if only the span-wise distribution of bound vortex circulation
and the loci of every elementary vortex of the trailing vortex sheet (the parametric equations
are r = r (ϕ) and z = z (ϕ)) are known, the induced velocity of the vortex system at any
point within the wake (including the trailing vortex sheet) can be found with the Biot-Savart
formula[15] and the potential theory. In the following paragraphs, the velocity induced by these
vortexes will be analyzed in detail.

3 Induced velocity of wake vortex system

To find the induced velocity Vid at Point M (r, ϕ, z) on an arbitrary elementary trailing
vortex filament shed from the blade using the Biot-Savart formula, an auxiliary Cartesian
coordinate system Oxyz and a cylindrical coordinate reference system OrϕZ are defined, as
shown in Fig. 2, in which the rotor axis is the z-axis, and the blade axis is the y-axis, making
the coordinate system a right-hand one.

Point M is located on the elementary vortex filament with circulation dΓ shed from the
point on the blade with radius r. Its axial and radial positions are ZM and rM , respectively.
These two parameters are the most important ones in the wake aerodynamic configuration,
which can be determined only if the velocity induced by the vortex system at this point is
known. The induced velocity Vid at this point is thus given as

Vid = Vc + Vb + Vt1 + Vt2, (1)

where Vc denotes the velocity induced by the central (axial) vortex bundle, Vb is the velocity
induced by the bound vortexes, Vt1 is the velocity induced by all the elementary trailing vortex
filaments shed from all the blades before Point M , and Vt2 is the velocity induced by all the
elementary trailing vortex filaments behind Point M . The trailing vortex is separated into two
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ω

ϕ

Fig. 2 Wake vortex coordinate systems

parts. All these induced velocities can be found using the Biot-Savart formula. Because Vt1

and Vt2 are induced by spatial helical vortex filaments, it is necessary to use the following
fundamental Biot-Savart formula[8]:

V =

∫
dV =

∫
dΓ

4πρ3

∫
(ds × ρ). (2)

The velocities Vc and Vb, however, can be found with the equivalent linear expression[8],

V =

∫
dV =

∫
dΓ

4πh
(cosα + cosβ). (3)

The central vortex in the wake vortex system is a linear vortex extending from the origin
O to infinity behind the rotor. Using the induced velocity formula for straight vortices by the
Biot-Savart law and referring to Fig. 3, the axial and radial components of the induced velocity
of the central vortex at M are 0 for all three components of the cylindrical coordinate system,
whereas the tangential component can only be obtained by the induced velocity formula,

vc = (Vc)z = 0, wc = (Vc)r = 0, uc = (Vc)ϕ =
Nb

∫ R

r0

dΓ(r′)

4πh
(cosα + cosβ), (4)

where Nb is the number of blades, and the definite integral represents the vortex strength of
the bound vortex assigned to the central vortex of a blade, which is equal to the sum of the
shedding vortex strengths at the trailing edge of the blade. r′ is the radius of the position of the
vortex beam shedding point, and h is the normal distance from Point M to the center vortex.
α and β are the angles between the line from Point M to the two terminals of the central vortex
and the z-axis, respectively.

Fig. 3 Induced velocities of central vortex
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The induced velocity at M is also affected by the bound vortex, as shown in Fig. 4. The
bound vortex is a vortex line with changeable circulation, and the induced velocity of this vortex
at M is obtained by (3). In Fig. 4, hn is the vertical distance from M to the nth bound vortex,
MQ and MQ′ are, respectively, the lines from M to the two endpoints of the microsegmentation
of the bound vortex, and αn and βn are the angles between the bound vortex line OQn to MQ
and MQ′, respectively. The parameters with subscript n are related to the nth blade.

Fig. 4 Induced velocities of bound vortex

The three components of the induced velocity can be given as follows:

vb = −

1

4π

∫ R

r0

Γ(r′n)

·

Nb∑

n=1

rM sin(τn − ϕ)

(Z2
M + r2

M sin2(τn − ϕ))
√

Z2
M + r′2 + r2

M − 2r′r2
M cos(τn − ϕ)

dr′n, (5)

ub = −

1

4π

∫ R

r0

Γ(r′n)

·

Nb∑

n=1

ZM cos(τn − ϕ)

(Z2
M + r2

M sin2(τn − ϕ))
√

Z2
M + r′2 + r2

M − 2r′2rM cos(τn − ϕ)
dr′n, (6)

wb =
1

4π

∫ R

r0

Γ(r′n)

·

Nb∑

n=1

ZM sin(τn − ϕ)

(Z2
M + r2

M sin2(τn − ϕ))
√

Z2
M + r′2 + r2

M − 2r′rM cos(τn − ϕ)
dr′n. (7)

The vortex of the induced velocity at M is caused by a subsystem of trailing vortices.
The bostrychoid vortex planes of Nb are detached from the trailing edge of each blade, which
forms the subsystem of trailing vortices. The subsystem is composed of micro-vortex bunches,
and each vortex bunch is located in a rotary-streamline surface of diffusion (or contraction)
corresponding to the formation of a spatial vortex family. The general form of the Biot-Savart
formula is used to determine the induced velocity of these infinitesimal vortex bunches at M ,

dV =
dΓ

4πρ3
(ds × ρ). (8)
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The above formula is used on a shedding micro-vortex bunch from the trailing edge of the nth
blade (see Fig. 5). (8) can be rewritten as follows:

(dV )n =
dΓ(r′n)

4πρ3
n

(dsn × ρn). (9)

dsn is a micro-vortex vector of the circulation dΓ(r′n) of a random point Sn in a vortex bunch.
ρn is the radius vector from Sn to M , ρn is the mode of this radius vector, and (dV )n is the
induced velocity of the micro vortex at M . It should be noted that the index n refers to a
corresponding physical quantity on a micro-vortex bunch that is detached from the nth blade.

The auxiliary rectangular coordinate system Oxyz is used to conduct a cross product analysis
of the vector, as shown in Fig. 5. In addition, to increase the calculation accuracy of the induced
vortex speed, the wake vortex is divided into two parts: the front tailing vortex and the post
trailing vortex.

ρ

ρ

ρ
ρ

ρ

ρ

ρ

τ

ϕ

ρ

Fig. 5 Induced velocities of front trailing vortex

Vt1 is the induced velocity at M of the front trailing vortex. The front trailing vortex is
detached from the trailing edge of blade, and the polar angles of each point(s) on the vortex
are smaller than the corresponding polar angles at M , as shown in Fig. 5. Sn is located at the
deciduous vortex bunch from the trailing edge where the radial position of nth blade is r′n = r′.
The induced velocity dVt1n at M of the micro-vortex bunch r0 and that of its three rectangular
coordinate components (dVt1n)z, (dVt1n)x, and (dVt1n)y are analyzed. According to the general
form of the Biot-Savart formula, given by (8), and referring to Fig. 5, the induced velocity of
the front tailing vortex at M can be obtained as follows:

vt1 = Vt1,z =
1

4π

∫ R

r0

dΓ(r′n)

∫ ϕ

0

(dVt1n)z

=
1

4π

∫ R

r0

dΓ(r′n)

Nb∑

n=1

∫ ϕ

0

rsnrM cos(ϕ − ϑn) − WOrM sin(ϕ − ϑn) − r2
sn

(r2
sn − 2rsnrM cos(ϕ − ϑn) + r2

M + Z2
MSn)

3

2

dϑ, (10)
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ut1 = Vt1,x cosϕ − Vt1,y sin ϕ

=
1

4π

∫ R

r0

dΓ(r′n)

·

Nb∑

n=1

∫ ϕ

0

((WOZMSn + VOrsn) cosϕ cosϑn − rsnZMSn cosϕ sin ϑn − VOrM cos2 ϕ

(r2
sn − 2rsnrM cos(ϕ − ϑn) + r2

M + Z2
MSn)

3

2

−

−(WOZMSn + VOrsn) sin ϕ sin ϑn − rsnZMSn sin ϕ cosϑn + VOrM sin2 ϕ

(r2
sn − 2rsnrM cos(ϕ − ϑn) + r2

M + ZMSn)
3

2

)
dϑ

=
1

4π

∫ R

r0

dΓ(r′n)

·

Nb∑

n=1

∫ ϕ

0

(WOZMSn + VOrsn) cos(ϕ − ϑn) + rsnZMSn sin(ϕ − ϑn) − VOrM

(r2
sn − 2rsnrM cos(ϕ − ϑn) + r2

M + Z2
MSn)

3

2

dϑ, (11)

wt1 = Vt1,x sin ϕ + Vt1,y cosϕ =
1

4π

∫ R

r0

dΓ(r′n)

·

Nb∑

n=1

∫ ϕ

0

((WOZMSn + VOrsn) sin ϕ cosϑn − rsnZMSn sin ϕ sin ϑn − VOrM sin ϕ cosϕ

(r2
sn − 2rsnrM cos(ϕ − ϑn) + r2

M + Z2
MSn)

3

2

+
−(WOZMSn + VOrsn) cosϕ sin ϑn − rsnZMSn cosϕ cosϑn + VOrM cosϕ sin ϕ

(r2
sn − 2rsnrM cos(ϕ − ϑn) + r2

M + ZMSn)
3

2

)
dϑ

=
1

4π

∫ R

r0

dΓ(r′n)

·

Nb∑

n=1

∫ ϕ

0

(WOZMSn + VOrsn) sin(ϕ − ϑn) − rsnZMSn cos(ϕ − ϑn)

(r2
sn − 2rsnrM cos(ϕ − ϑn) + r2

M + Z2
MSn)

3

2

dϑ. (12)

The polar angle ϑ of S at the post trailing vortex is greater than the polar angle of M .
Starting from the boundary point of the front and post trailing vortices, the polar angle ϑ will
increase from 0 to the setting number of the trailing vortex ring when calculating the induced
velocity at M . Therefore, the coordinate system Oxyz is rotated clockwise around the z-axis,
and M is located below the origin O. Oy′ and Ox′ are used as the new ordinate and abscissa
through O and M to form a new coordinate system, as shown in Fig. 6. Sn is located at the

ρ

ρ ρ

τ

ρ

ϕ

Fig. 6 Induced velocities of post trailing vortex
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trailing vortex bunch of the deciduous trailing edge where the radial position of the nth blade
is r′n = r′. First, the induced velocity dVt2n at M of the micro-vortex bunch at Sn and that at
the three rectangular coordinate components (dVt2n)z, (dVt2n)x′ , and (dVt2n)y′ are analyzed.
Any physical quantity with the subscript 2 is related to the post tailing vortex and that with
the subscript n is related to the nth blade. Similar to the analysis method of the front tailing
vortex, the solution is based on the general form of the Biot-Savart formula given by (8),

vt2 = (Vt2)z =
1

4π

∫ R

r0

dΓ(r′n)

Nb∑

n=1

∫ ∞

0

rsnrM cosϑn + WOrM sin ϑn − r2
sn

(r2
sn − 2rsnrM cosϑn + r2

M + Z2
MSn)

3
2

dϑ, (13)

ut2 = (Vt2)x′ =
1

4π

∫ R

r0

dΓ(r′n)

·

Nb∑

n=1

∫ ∞

0

(VOrsn − WOZMSn) cosϑn + rsnZMSn sin ϑn − VOrM

(r2
sn − 2rsnrM cosϑn + r2

M + Z2
MSn)

3
2

dϑ, (14)

wt2 = (Vt2)y′

=
1

4π

∫ R

r0

dΓ(r′n)

Nb∑

n=1

∫ ∞

0

rsnZMSn cosϑn − (VOrsn − WOZMSn) sin ϑn

(r2
sn − 2rsnrM cosϑn + r2

M + Z2
MSn)

3
2

dϑ. (15)

In the cylindrical coordinate system, the three components of the induced velocity of the
center (axis) vortex, bound vortex, and trailing vortex at M and their related equations can
be given. The above coordinate components of the induced velocity are summarized, and the
three components of axial, tangential, and radial induced velocity of the wake vortex system
at M are obtained. r′ is replaced by r′n in the above-mentioned expression, because r′n is the
same for any blade (n = 1, 2, · · · , Nb). Thus, the three components of the induced velocity can
be obtained as follows:

v(r, ϕ) = vc + vb + vt1 + vt2

=
1

4π

∫ R

r0

(
− Γ(r′n)

Nb∑

n=1

rM sin(τn − ϕ)

(Z2
M + r2

M sin2(τn − ϕ))
√

Z2
M + r′2 + r2

M − 2r′rM cos(τn − ϕ)

+
dΓ(r′)

dr′

Nb∑

n=1

( ∫ ϕ

0

rsnrM cos(ϕ − ϑn) − WOrM sin(ϕ − ϑn) − r2
sn

(r2
sn − 2rsnrM cos(ϕ − ϑn) + r2

M + Z2
MSn)

3
2

dϑ

+

∫ ∞

0

rsnrM cosϑn + WOrM sin ϑn − r2
sn

(r2
sn − 2rsnrM cosϑn + r2

M + Z2
MSn)

3
2

dϑ
))

dr′, (16)

u(r, ϕ) = ub + uc + ut1 + ut2

=
1

4π

∫ R

r0

(
− Γ(r′)

Nb∑

n=1

ZM cos(τn − ϕ)

(Z2
M + r2

M sin2(τn − ϕ))
√

Z2
M + r′2 + r2

M − 2r′rM cos(τn − ϕ)

+
dΓ(r′)

dr′

(Nb

rM

(
1 +

ZM√
Z2

M + r2
M

)

+

Nb∑

n=1

(∫ ϕ

0

(WOZMSn + VOrsn) cos(ϕ − ϑn) + rsnZMSn sin(ϕ − ϑn) − VOrM

(r2
sn − 2rsnrM cos(ϕ − ϑn) + r2

M + Z2
MSn)

3

2

dϑ

+

∫ ∞

0

(VOrsn − WOZMSn) cosϑn + rsnZMSn sin ϑn − VOrM

(r2
sn − 2rsnrM cosϑn + r2

M + Z2
MSn)

3

2

dϑ
))

dr′, (17)
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w(r, ϕ) = wb + wc + wt1 + wt2

=
1

4π

∫ R

r0

(
Γ(r′)

Nb∑

n=1

ZM sin(τn − ϕ)

(Z2
M + r2

M sin2(τn − ϕ))
√

Z2
M + r′2 + r2

M − 2r′rM cos(τn − ϕ)

+
dΓ(r′)

dr′

Nb∑

n=1

(∫ ϕ

0

(WOZMSn + VOrsn) sin(ϕ − ϑn) − rsnZMSn cos(ϕ − ϑn)

(r2
sn − 2rsnrM cos(ϕ − ϑn) + r2

M + Z2
MSn)

3

2

dϑ

+

∫ ∞

0

rsnZMSn cosϑn − (VOrsn − WOZMSn) sinϑn

(r2
sn − 2rsnrM cosϑn + r2

M + Z2
MSn)

3

2

dϑ
))

dr′. (18)

The specific analytical expressions and physical meanings of the parameters in (10)–(18) are
given as follows: v(r, ϕ) is the axial induced velocity of the tail vortex at M(r, ϕ). u(r, ϕ) is the
tangential induced velocity of tail vortex at M(r, ϕ). w(r, ϕ) is the radial induced velocity of
the tail vortex at M(r, ϕ). Γ(r′) is the velocity circulation at any radius r′ of the blade. Nb is
the blade number of the rotor. τn is the polar angle of the nth blade. Because the blades are
equally spaced along the circumference, τn is defined as τn = 2π

Nb

(n − 1).
R is the radius of the rotor. r0 is the non-working radius of the rotor. Each section of the

blade larger than the radius is given airfoil, forming a working section. However, sections of
the blade smaller than the radius are the transition sections and the journal of the blade. r is
the radius of the wake vortex shedding position. The induced velocity at any position on the
wake vortex beam can be obtained. rm is the radius of the wake vortex shedding position. The
micro-tailed vortex dsn at any position on the wake vortex will cause an induced velocity at
that location. ϕ is the polar angle of the rotation of the wake vortex at M . ϑn is the polar
angle of Point Sn. ϑn = ϑ + τn. rM is the radial distance from M to the center vortex. The
radial displacement of the trailing vortex is induced for the radial induced velocity when the
trailing vortex is shed at a radial displacement r of the blade with a rotation angle ϕ,

rM = r +

∫ ϕ

0

w(rm, ε)

ω + u(rm, ε)/rm

dε = r +

∫ ϕ

0

WOdε.

rsn is the radial distance of Sn to the axis vortex on the front and post trailing vortices. Similar
to the analysis of rM above, the front vortex is

rsn = r′ +

∫ ϑ

0

w(rm, ε)

ω + u(rm, ε)/rm

dε = r′ +

∫ ϕ

0

WOdε,

and the post trailing vortex is

rsn = r′ +

∫ ϕ

0

w(rm, ε)

ω + u(rm, ε)/rm

dε +

∫ ϑ

0

w(rm, ε)

ω + u(rm, ε)/rm

dε

= r′ +

∫ ϕ

0

WOdε +

∫ ϑ

0

WOdε.

WO is the signum function representing the integrand of radial displacement,

WO =
w(rm, ε)

ω + u(rm, ε)/rm

.

ZM is the axial displacement of M . The point of the deciduous trailing vortex at the radial posi-
tion r of blades moves with V∞+v(rm, ε) for the axial induced velocity. The total displacement
to M is

ZM =

∫ ϕ

0

V∞ + v(rm, ε)

ω + u(rm, ε)/rm

dε =

∫ ϕ

0

VOdε.
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VO is the signum function representing the integrand of axial displacement,

VO =
V∞ + v(rm, ε)

ω + u(rm, ε)/rm

.

ZMSn is the axial component of the radius vector SnM , which is the difference in the axial
displacement M and Sn,

ZMSn =






∫ ϕ

ϑ

V∞ + v(rm, ε)

ω + u(rm, ε)/rm

dε =

∫ ϕ

ϑ

VOdε for the front trailing vortex,

∫ ϑ

0

V∞ + v(rm, ε)

ω + u(rm, ε)/rm

dε =

∫ ϑ

0

VOdε for the post trailing vortex.

All parameters in the under-mentioned expressions are dimensionless quantities[5]. The
specific method is as follows: the dimensionless radial and axial lengthes are their ratios to the
rotor radius R, each velocity quantity is its ratio to ωR, and circulation is its ratio to 4πωR2.
For example, the dimensionless radius is r = r/R. The dimensionless axial induced velocity

is v(r,ϕ) = v(r, ϕ)/(ωR). The dimensionless circulation is Γ(r′) = Γ(r′)/(4πωR
2
). Finally, all

overlines are removed to obtain the general form. The expressions of the three cylindrical
coordinate components of induced velocity are given as follows:

v(r, ϕ) =

∫ 1

r0

(
− Γ(r′)

Nb∑

n=1

rM sin(τn − ϕ)

(Z2
M + r2

M sin2(τn − ϕ))
√

Z2
M + r′2 + r2

M − 2r′rM cos(τn − ϕ)

+
dΓ(r′)

dr′

Nb∑

n=1

( ∫ ϕ

0

(rsnrM cos(ϕ − ϑn) − WOrM sin(ϕ − ϑn) − r2
sn)

(r2
sn − 2rsnrM cos(ϕ − ϑn) + r2

M + Z2
MSn)

3
2

dϑ

+

∫ ∞

0

(rsnrM cosϑn + WOrM sin ϑn − r2
sn

(r2
sn − 2rsnrM cosϑn + r2

M + Z2
MSn)

3
2

dϑ
))

dr′, (19)

u(r, ϕ) =

∫ 1

r0

(
− Γ(r′)

Nb∑

n=1

ZM cos(τn − ϕ)

(Z2
M + r2

M sin2(τn − ϕ))
√

Z2
M + r′2 + r2

M − 2r′rM cos(τn − ϕ)

+
1

4π

dΓ(r′)

dr′

(Nb

rM

(
1 +

ZM√
Z2

M + r2
M

)

+

Nb∑

n=1

(∫ ϕ

0

(WOZMSn + VOrsn) cos(ϕ − ϑn) + rsnZMSn sin(ϕ − ϑn) − VOrM

(r2
sn − 2rsnrM cos(ϕ − ϑn) + r2

M + Z2
MSn)

3

2

dϑ

+

∫ ∞

0

(VOrsn − WOZMSn) cosϑn + rsnZMSn sin ϑn − VOrM

(r2
sn − 2rsnrM cosϑn + r2

M + Z2
MSn)

3

2

dϑ
)))

dr′, (20)

w(r, ϕ) =

∫ 1

r0

(
Γ(r′)

Nb∑

n=1

rM sin(τn − ϕ) cos(τn − ϕ)

(Z2
M + r2

M sin2(τn − ϕ))
√

Z2
M + r′2 + r2

M − 2r′rM cos(τn − ϕ)

+
dΓ(r′)

dr′

Nb∑

n=1

( ∫ ϕ

0

(WOZMSn + VOrsn) sin(ϕ − ϑn) − rsnZMSn cos(ϕ − ϑn)

(r2
sn − 2rsnrM cos(ϕ − ϑn) + r2

M + Z2
MSn)

3

2

dϑ

+

∫ ∞

0

rsnZMSn cosϑn − (VOrsn − WOZMSn) sin ϑn

(r2
sn − 2rsnrM cosϑn + r2

M + Z2
MSn)

3

2

dϑ
))

dr′. (21)
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The analytical expressions of the key parameters in the above-mentioned expressions of the
induced velocity components are as follows:

rM = r +

∫ ϕ

0

w(rm, ε)

1 + u(rm, ε)/rm

dε, (22)

rsn =





r′ +

∫ ϑ

0

w(rsn, ε)

1 + u(rsn, ε)/rsn

dε for the front trailing vortex,

r′ +

∫ ϕ

0

w(rsn, ε)

1 + u(rsn, ε)/rsn

dε

+

∫ ϑ

0

w(rsn, ε)

1 + u(rsn, ε)/rsn

dε for the post trailing vortex,

(23)

ZMSn =





∫ ϕ

θ

1
λ0

+ v(rm, ε)

1 + u(rm, ε)/rm

dε for the front trailing vortex,

∫ ∞

0

1
λ0

+ v(rm, ε)

1 + u(rm, ε)/rm

dε for the post trailing vortex,

(24)

WO =
w(rm, ε)

1 + u(rm, ε)/rm

, VO =
1
λ0

+ v(rm, ε)

1 + u(rm, ε)/rm

. (25)

It can be seen from (19)–(21) that the analytical expressions of the three components of
induced velocity are, in fact, a set of nonlinear integral equations (there are unknown variables,
or their integrals are on the right side of the equations). In the wind turbine wake vortex
system, the dimensionless expressions (19)–(25) of the induced velocity and parameter at any
wake vortex can be solved. Because integral equations are extremely complicated, it is more
feasible to employ a numerical solution with an iterative approximation.

4 Illustration of nonlinear wake aerodynamic configuration and its analysis

A 33kW rotor of a horizontal-axis wind turbine was used to illustrate the approximation
calculation of its wake aerodynamic configuration under various tip speed ratios by using the
proposed method. The wind turbine adopts the field test unit developed at Lanzhou Univer-
sity of Technology. The turbine is a horizontal-axis two-blade upwind-type turbine. It has a
diameter of 14.8 m, hub height of 15.4 m, rated wind speed of 11 m/s, rated speed of 85 r/min,
and National Advisory Committee for Aeronautics (NACA) series airfoils. The specific blade
parameters are shown in Table 1.

Table 1 Position and geometric parameters of six airfoils

Airfoil number Relative radial position/% Initial setting angle/(◦) Chord length/mm Airfoil

#1 96.53 –54.839 7 213.63 NACA4415
#2 89.84 –55.790 8 237.48 NACA4418
#3 79.84 –56.929 9 283.12 NACA4421
#4 64.84 –59.031 6 350.16 NACA4424
#5 49.77 –60.479 1 414.36 NACA4427
#6 34.23 –62.734 5 485.63 NACA4430

Under the assumption of potential flow of the wake, a vortex aerodynamic model of the rotor
(cylinder tail vortex model) is first established. Then, the aerodynamic structure of the rotor
wake can be obtained with the iterative approximation method using the Biot-Savart vortex-
inducing velocity formula, which presents the distribution of the spiral wake vortex and velocity
field. Figure 7 shows the aerodynamic structure of the wake under three different operating
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conditions with tip speed ratios of λ0 = 3, 6, and 9. With an increase in the tip speed ratio,
the curvature of the wake boundary increases, and the contraction of the center vortex becomes
more evident.

πΩ

πΩ

πΩ

ϕ/( )

ϕ/( )

ϕ/( )

λ

λ

λ

Fig. 7 Wake boundary and three wake vortex beam trajectories

The large eddy simulation (LES) method combined with the actuator line model is used,
and the wake of the wind turbine with different tip speed ratios is simulated in the neutral
atmospheric boundary layer to verify the accuracy of the nonlinear wake boundary. In addition,
the above numerical methods are verified by the field experimental data (see Refs. [17] and [18]
for details). An outline chart of the wake velocity under different tip speed ratios (λ0 = 3, 6,
and 9) in the neutral atmospheric boundary layer is shown in Fig. 8. The horizontal profile
of the time-averaged velocity at the hub height is extracted at multiple locations downstream
of the rotor (1 6 L/R 6 6). D and R are the diameter and radius of the rotor, respectively,
and the ordinate r/D represents the relative distance from the rotor axis. The abscissa U/U0

represents the wake dimensionless velocity, and U0 is the average velocity of the inflow. The
wake velocity returns to 99% of the incoming flow velocity, which indicates that the wake has
regained to that of the atmospheric state. Thus, the black dotted lines in the figure represent
the boundary of the wake velocity. With an increase in the tip speed ratio, the curvature of
the boundary line increases. In addition, the non-uniformity of atmospheric inflow leads to
asymmetry in the wake. The red lines represent the boundary of the nonlinear trailing vortex.
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A comparison of this with the wake boundary in the neutral atmospheric boundary layer shows
that the two boundaries are essentially consistent with each other. However, the expansion
of wake in the neutral atmospheric boundary layer is slightly greater. Taking the nonlinear
wake boundary as the standard, when the tip speed ratio is 3, 6, and 9, the deviations in the
two boundaries are 3.1%–8.1%, 3.7%–6.9%, and 7.7%–9.7%, respectively. These results further
prove that the nonlinear trailing vortex model can well describe the wake boundary in neutral
atmospheric conditions.

λ

λ λ

Fig. 8 Spanwise distributions of time-averaged velocity of different tip speed ratios (color online)

5 Conclusions

It is possible to determine the aerodynamic configuration of wake behind the rotor of a
horizontal-axis wind turbine on the basis of potential theory, where the influence of all three
coordinate components of the induced velocity on the wake aerodynamic configuration is taken
into account, particularly the effect of the radial induced velocity on the wake expansion.
Thus, a type of expanding wake that approximately resembles an actual wake can be obtained.
Further, the change law of the wake boundary of a wind turbine in the neutral atmospheric
boundary layer can be well described by it. The accuracy of the proposed method is evidently
restricted by the presumption of an ideal fluid. Nevertheless, this potential flow approach does
have certain practical value in the evaluation of aerodynamic characteristics of wind turbine
rotors considering that almost all existing aerodynamic computation and design methods for
wind turbine rotors are based on the potential theory.
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